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PEEFATOEY EEMAEKS. 



The work here offered for the use of schools goes 
over almost exactly the same ground as our Euclids. 
But in France, as in Germany, the text of Euclid 
has been long since discarded as cumbrous and 
wordy, and his theorems and problems have been 
reclassed and producJBd in less antiquated language 
than with us. 

It is conceived that' this facilitates the study of 
Geometry for boys. A few improvements are also 
admitted, taken from what is called Modem 
Geometry. This appears reasonable, as it is not 
natural that Geometry, like other sciences, should 
not have advanced in the space of two thousand 
years. 

The present work gives what is best in French 
School Geometries, with certain additions from 
Modem Geometry. 



vi PREFATORY REMARKS, 

» 

It is anticipated that it will prove more prac- 
tically useful than most other school books on the 
subject. 

The theorems and problems are throughout taken 
from Amiot's "Elements de Geometric," Amiot's 
" Lemons Nouvelles de Geometrie," Legendre's 
*'lglements de Geometric" (New Edition, 1872, by 
Blanchard, of the Polytechnic School), Rouche et de 
Comberousse's " Trait6 de Geometric," Cortazar's 
" Geometria Elemental," and Professor Bos' (of the 
Lyc6e St. Louis) " Geometric Elementaire.'* 

« 

April, 1875. 
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BOOK I. 

DEFINITIONS. 

1. Eyeby body occnpies in indefinite space a deter- 
minate portion, called volume. 

2. The surface of a body is the limit which separates 
it from surrounding space. 

3. The place where two surfaces meet is called a 
line. 

4. A point is the place where two lines intersect. 

5. Volumes, surfaces, and lines are conceived inde- 
pendently of the bodies to which they belong. 

6. The name of figure is given to volumes, surfaces, 
and lines. 

7. Geometry has for its object the measure of the 
extension of figures, and the study of their properties. 

8. A straight line is an indefinite line, which is the 
shortest between any two of its points. 

It may be regarded as self-evident, that from one point 
to another only one straight line can be drawn, and that 
if two portions of a straight line coincide, these lines 
coincide throughout their whole extent. 

9. A broken line is a line composed of straight lines. 

rr 
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10. A curved line is 
one no portion of which is 
straight. 

11. A plane is a surface, such that if any two points 
are taken in it, the straight line joining them is entirely 
in the plane. 

12. Every surface which is neither plane nor com- 
posed of plane surfaces is a curved surface. 

13. The figure formed 
by two lines that intersect, 
as A B, A C, is called an 
angle. Point A is the sum- 
mit or vertex of the angle ; 
and lines A B, A C are its 
sides. 

An angle is sometimes 
designated by the letter at 

the summit A. At other times it is designated by 
three letters, BAG, or CAB, placing the letter of the 
vertex in the middle. 

Two angles A and a are 
said to be equal when they 
can be made to coincide. 
Thus, supposing we apply 
angle a on A, so that ah 
should be applied to A B ; if 
ac takes the direction AC, 
the sides of the two angles 
will coincide, and the two 
angles will be called equaL 

A D 

An angle A is double, 
triple, &c., of the angle D 
if it includes between its 
sides two or three angles 
equal to angle D. 

Angles, like other magnitudes, are therefore com- 
parable to each other. 



a 







DEFINITIONS. 

14. The size of an angle, 
for example B A C, depends 
only on the departure of its 
sides, which must always be 
conceived to be indefinitely 
prolonged. To have an idea 
of its dimensions, side AC 
is conceived to be at first applied to A B ; then it is 
caused to turn round the summit A, till it has re- 
sumed its original position. The extent to which the 
straight line A C has turned is precisely what constitutes 
the size of the angle B A C. 

15. Two figures are equal when they can be made to 
coincide, by applying them one to the other. In super- 
posing two plane figures, this principle must be admitted 
— which will be demonstrated further on — ^that "if 
three points in a plane are applied to anotJier plane, these 
two surfaces coincide throughout their extent. " Two figures 
are said to be equivalent when they have the same extent, 
without having the same form. 

16. Two angles are said A 
to be adjacent when they 
have the same summit B, a 
common side BA, and are 
placed on opposite sides of 
this line B A. 




D B C 

17. A straight line A B 
is perpendicular or oblique to 
another straight line, when 
it makes with the latter two 

adjacent angles, equal or 

unequaL In both cases the ^ 

intersection B of the two straight lines is named the 
foot of the perpendicular or of the oblique line. Every 
angle of which one side is perpendicular to the other 
18 named a right angle. An acute angle is smaller, an 
obtuse angle larger, than a right angle. 

18. A theorem is the proposition of a truth which 
18 not evident and has to be proved. 



4 EUCLID SIMPLIFIED. 

The enunciation of a theorem includes two parts, 
namely, an hypothesis^ made in a certain case, and a con- 
d/usion, which is the consequence of the hypothesis. The 
reasoning that is made to deduce the conclusion from the 
hypothesis, when their dependence is not evident, is 
named the demonstration of the theorem. 

1.9. Two theorems are reciprocal when the hypothesis 
and the conclusion of one are the conclusion and the 
hypothesis of the other. Thus the theorem — If two 
aaigles are right angles, they are equal — has for its recipro- 
cal — If two angles are equal, they are right angles. 

When the conclusion of a theorem agrees with more 
cases than that of the hypothesis, the reciprocal theorem 
may be false. We have an example of this in the 
theorem previously enunciated, for two angles may be 
equal without being right angles. 

All propositions are direct, reciprocal, or contrary — 
all so closely connected that either of the two latter is a 
consequence of the other two. It is a direct proposition to 
prove, for instance, that all points in a certain figure, like 
the circumference of a circle, enjoy a certain property 
{e,g, the same distance from the centre). The reciprocal 
proposition shows that all points enjoying this property 
belong to the circumference. The contrary proposition 
shows that all points taken outside or inside the figure 
(the circumference) do not enjoy this property. 

The direct and the reciprocal proofs are generally the 
simpler, and do not require a fresh construction. 

20. The term corollary of a theorem is given to any 
consequence drawn from a theorem. 

21. Algebraic signs are used to abbreviate geometrical 
reasonings. Thus A < B means that A is less than B 
— ^A > B means that A is greater than B. The sign for 
addition is +, for substraction — , for multiplication X. 
To describe haU an angle it is usual to write ^A. The 

square on a line is described : A^ the cube, AB^ or 

The sign ij expresses the square root. Thus Va X B 
is the square root of the product A and B. 
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THEOREM L 

From a paint in a straight line a perpendicular can he raised 

on this line, hut only one. 

Let it be Bttpposed that 
a straight line A M, first 
placed upon the line B 0, 
turns round the point A. 
It will then form two ad- 
jacent angles, MAC, MAB, 
of which one, MAC, is in 

the first instance very small, but will increase continually, 
while the other M A B, at first larger than MAC, will 
continuaUy decrease till B. 

The angle MAC, at first less than M A B, will 
therefore become at last greater than the latter angle ; 
therefore there will be a position AM'' of the movable 
straight line A M, where these two angles MAC, M A B 
will be equal, and it is evident that there is only one 
such position. 

CoBOLLABY. — ^All right angles are equal. Let D C be a 
perpendicular to A B, and H G to E F. Then the angle 

D H 



A C B E G F 

DCB is equal to the angle HGF. For if the straight 
line E F be laid upon the line A B, so that the point G 
falls upon C, G H will take the direction C D ; otherwise, 
from the same point in a straight line two perpendiculars 
could be raised to the same straight line. 
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THEOREM n. 

When a straight line A B meets another D, the 9wn of 
the two adjacent angles A E C, B E C, formed by these lines, 
is equal to two right angles. 

If the line C D is perpen- 
dicular to A B^ the theorem 
is evident^ since the adja- 
cent angles A E 0, B E are 
then right angles. * 

But if C D be not perpen- 
dicular, from the point E, 
let the perpendicular E F be 
raised on AB. Then the 
obtuse angle t A E C is larger 
than the right angle AEF, by 
their difference C E F, while the acute f angle B E C is 
less than the right angle BEF by the same difference, 
angle OEF. Therefore the sum of the two adjacent 
angles A E C, BEG is equal to the sum of the two right 
anglesA E F, B E F. 






D 



COROLLABY I. — If OUe of 

the angles AE C, BEG is a 
right angle, the other will be 
so likewise. 



E 



-B 



OOBOLLABY II. — All the 
consecutive angles BAG, 
CAD, DAE, EAF on 
one side of the line B F are 
equal to two right angles. _ 

For their siun is equsd to B A 

that of the two adjacent angles BAG, GAF. 




* See diagram to Corollary I. 



t Def. 17. 
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COKOLLABT III. — The 
sum of any number of angles 
BAG, CAD, DAE, EAF, 
FAG, BAG formed round 
a point A by the straight B 
lines AB, AC, AD, A£, 
AF, AG drawn from that 
point, is equal to four right q 

angles. 

For if at point A we form four right angles by means 
of two lines perpendicular to each other, ti^eir sum will 
be evidently equal to that of the above angles, BAC, 
CAD, «fec. 




DEFINITION. 

22. Two angles are complementary if they are 
together equal to one right angle. They are supple- 
mentary if they are together equal to two right angles. 



THEOREM ni. 

Xf two adjdtcerU angles A B C, C B D are supplementary, 
their sides thai are not common, as A B, B D, are in one 
straight line. 

For the prolongation of 
the straight line AB, be- 
yond the point B, ought to 
make with BC an angle .^_ 

equal to the supplement of A B D 

the angle ABC, i.e. equal 

to the angle CBD. Therefore it coincides with the 
straight line B D. 
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THEOREM rV. 

^f two straight lines A B, CD intersect, the angles 
A E C, BED opposed a:t the summit are equal, 

C B 

The adjacent angles AEG, EB 
made by the straight lines AB, 
EC are equal to two right angles 
(Theorem II.) ; also the angles C EB, 
DEB are together equid to two 
right angles. Therefore AEG, 
G E B taken together are equal to 
CEB, DEB taken together. If 
from these equals we take the 
common angle G E B, the remaining 
angles AEG, DEB will be equal 
In like manner it can be proved that A ED, GEB 
are equal. 

The demonstration may 
be given in a shorter form, 
thus : m 

Let the opposite angles be . 
designated by the letters o ^ 

and 05, m and w. These are ^ ^ 

taken together : — 

m + = 2 right angles. 

m -j- a; s 2 right angles. 
Then m -{• o = m -^ x. 
But m =^ m. 
Therefore o = a?. 




DEFINITIONS. 



23. A triangle is the portion of a plane inclosed by 
three lines that cut each other, two and two, and called 
its sides. 



THEOREMS. 9 

24. A triangle is isosceles when it has two sides equal 
(In Greek T<rof, equal, cK^Kas, leg.) The base of an 
isosceles triangle is the unequal side. 

25. A triangle is equilateral when its three sides are 
equal. 

26. A triangle is rightnuigled when it has a right 
angle, and the side opposite to the right angle is named 
the hypothenuse. 



THEOREM V. 

Two triangles are equal when they have an equal angle 
included between two equal aideSy each to each. 

Let angle A be equal to 
angle D, side AB equal to 
DE, side AG equal to DF. 
Then the triangles ABO, 
D E F will be equal 

For these triangles can be 
placed one on the other, so 
as perfectly to coincide. 

And lirst, if side DE be 

placed on its equal AB, ]q j) 

point D will fall on A, and 
point E on B. But since the angle D is equal to angle 
A, as soon as side D E is placed on A B, side D F will 
take the direction AG. Moreover, DF is equal to 
A C ; therefore point F will fall on C, and the third side 
E F will cover exactly the third side B ; therefore 
triangle DEF is equal to triangle ABO. 



OoBOLLABY. — ^From the fact that three parts are equal 
in two triangles, namely, angle A » D, side A B = D E, 
and side A « D F, it may be concluded that the other 
three parts are also equal, namely, angle B ^ E, angle 
» F, and side BO » EF. 
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THEOREM VI. 

Two' triangles are equal when they have an equal Me 
adjacent to two angles, equal each to each. 

Let ABC, DEF be two 

triangles, having the side BO 
equal to EF, the angle ABO 
equal to DEF, and the angle 
ACB equal to DFE. These 
triangles will then be equal. 

For applying triangle DEF 
to triangle ABO, the side EF 
can be made to coincide with the 
side BO, equal to it, by placing 
point E on point B, and point F 
on point 0. In that case, the 
side E D takes the direction B A, 
because angles DEF, ABO are 

equal ; side F D takes likewise the direction A, 
because of the equality of angles DFE, A B. Oon- 
sequently point D, common to the two straight lines 
ED, FD, is placed at the intersection A of those two 
straight lines BA, OA, and the triangles A B 0, DEF 
coincide throughout their extent. 

OoBOLLABY. — ^Wheu two triangles have an equal side 
adjacent to two angles, equal each to each, the sides 
opposite to the equal angles are also equal. The same is 
the case with the angles opposite to the equal sides. 



THEOREM VII. 

If two sides of a triangle are equal to two sides of 
another, each to ea^ch, and . if at the same time the cmgle 
included hy the first is larger than the angle included by the 
second, then the third side of the fvrst triangle will he greater 
than the third side of the second. 
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In the triangles ABC, FQH, let the angle BAG 
be greater than GFH, but the sides AB, AO equal 





E C 



to F G, F H, each to each. Then side B will be greater 
thanGH. 

Make the angle CAD equal to GFH, take AD 
» GF and join CD. The two triangles A CD, GFH 
are equal as having an equal angle included between 
equal sides.* It is therefore sufficient to prove that BC 
is greater than C D. 

Divide the angle BAD into two equal parts by the 
line A£. This Gne will fall inside the greater angle 
B AC ; then draw the line D £ ; the two triangles B A £, 
£ A D will be equal as having an equal angle included 
between two equal sides. * Therefore B £ = £ D. But 
in the triangle £DC, CD<ED + EC. Substituting 
B£ for £D, this gives CD < B£ + £C, orCD< BC. 

BedprocaUy, if the sides A B, A C of the triangle ABC 
are equal to the two sides F G, F H of the triangle GFH 
or AC D ; if, moreover, the third side C B of the first 
triangle is greater than the thiifl side G H of the second, 
the angle B A C will be greater than the angle GFH. 

For if angle B A C were less than CAD, it has been 
seen that C B would be less than C D, which is against 
the hypothesis; and if the angle BAC were equal to 
CAD, this would give C B == CD, also against the 
hypothesis. 

• Theorem V. 
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THEOREM Vni. 

If from a point taken inside the triangle ABC, the 
straight lines B, C be prodticed to the extremities of a 
side B C, the sum of these straight lines will be less than that 
of the other two sides A B, A C, enveUypin^g them. 

Let B be prolonged till A 

it meets A C at D ; the 
Btraight line 00 is shorter 
thanOD + DC:* adding to 
both B O, this gives B + 
00 < BO + OD -hDC, or 
BO + OC < BD + DC. 

Similarly BD < BA + 
A D ; adding to both sides 
DC. this gives BD + DC 

< B A + AC. But it has been seen that BO + OC 

< BD + DC ; therefore a f(yrtiori BO + OC < BA 
+ AC. 

THEOREM IX. 

Two triangles are eqtud when they have the three sides 
equal, each to each. 

Let there be two triangles 
ABC, .DEF, having the 
side A B equsil to D E, the 
side AC equal to DF, and 
the side B C equal to E F. 
In that case two angles such 
as A, D, opposite to the 
equal sides BC, EF, are 
equal. 

For the two sides AB, 
AC of the triangle ABC 
being equal respectively 

to the sides DE, DFof the triangle DEF the 
third sides BC, EF, of those triangles can only be equal if 
the angles A and D opposite to those sides are themselves 

* Def. 8. 





THEOREMS. U 

equal.* Now, B is equal to E F by hypothesiB ; therefore 
the angle A is also equal to D. llien the triangles 
ABC, DEF haying an equal angle included between 
two equal sides, each to each, are equal t 

OoROLLAKr. — If two triangles have the three sides 
equal, each to each, the angles opposite to the equal sides 
are equal. 

THEOREM X. 

In an isosceles triangle^ the angles opposite to the eqtt/al 
sides are equal. 

Let side A B = AC; then A 

angle C = B. Draw the line A D 
from the vertex A to the point 
D at the centre of the base B C ; 
the two triangles ABD, A CD 
will have their three sides equal, 
each to each, namely AD com- 
mon, A B = A C by hypothesis, 
and BD = DO by construction ; 
therefore, by the preceding theo- 
rem, angle B is equal to angle 0. 

CoBOLLABT I. — ^Aq equilateral triangle is at the same 
time equiangular, that is, it has its angles equal. X 

CoBOLLARY II. — The equality of the triangles ABD, 
A C D proves at the same time that the angle B A D = 
D A 0, and that the angle B D A = ADO; therefore 
these two latter are right angles ; § therefore the line dra/um 
from the summit of an isosceles triangle to the centre of the 
base is perpendicular to that hose, and dimdes the am^le at 
the summit into two equal parts. 

* Theorem VII. f Theorem V. 

X This direct proof of the eqnality of the angles at the 
base of an isosceles triangle is shorter and simpler than that 
of Euclid (5, 1st book). French geometries do not treat of 
the angles under the base. 

§ Theorem II., Cor. 1. Theorem I. and Def. 17. 
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THEOREM XI. 

If a triangle has two equal angles^ the sides opposite to 
these angles are also equal , and the triangle is isosceles,* 

Let ABC be a triangle of which the angles ABO, 
A B are equal ; then side A opposite to angle ABC 
is equal to side A B opposite to angle A C B. 

On the side B C msike the triangle 
BOA' equal to the triangle ABO, 
making angle BOA' equal to angle 
CBA, and side CA' equal to side 
BA. These triangles are therefore 
equal, since they have an equal angle 
included between two equal sides, 
each to each.t Therefore angle B A' 
opposite to side CA' is equal to 
angle BOA opposite to side BA, 
and consequently equal to angle 
OB A. This being established, fold 
the figure over the line BO, and 

* Theorems X. and XI. are demonstrated by the inver. 
sion as well as snperpoeition of angles. 

A A' 






In Theorem XL let there be two triangles ABC and 
A'B'C, an exact copy of A B 0. Then angles B, G are 
respectively eqnal to B', C, which being inverted are placed 
B' on and C on B ; in this case line B' A' will fall on A C, 
and C A^ on A B. Thus point A' must be on the two lines 
AC, AB, therefore on their intersection A, and the two 
triangles will coincide. Therefore A' B', eqnal to A B, cover- 
ing A C exactly, A B = A G. 

This principle of inversion is the key to all the properties 
of the isosceles triangle. 

t Theorem Y. 
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place the triangle A' B C on triangle ABC. Then the 
side B A' takes the direction B A, iMcanse of the equality 
of the angles CBA', OB A, and the side OA' faUs on 
CA, since angles BOA', BOA are by hypothesis also 
equaL Consequently the summit A' will coincide with 
summit A, and side A be equal to side A' or B A. 

OoROLLABT. — An equiangular triangle is equilateral. 
For the sides of this triangle are equal, as they are 
opposite to equal angles. 

THEOREM Xn. 

If a triangle has two wnequal angles, the side opposite to 
the greater angle is greater than the Me opposite to the other 
angle. 

1. In triangle A B, let angle > B ; then the side 
A B opposite to angle 0, is greater than side A opposite 
to angle B. 

Make angle BOD = an^e B ; A 
then in the triangle BDO, BD will 
be = DO.* But the straight line A 
is shorter than A D + DO, and A D 
+ D = AD + D B = AB ; there- 
fore A B is greater than A 0. 

2. Let side A B > A ; then 
angle opposite to side A B will be 
greater than angle B opposite to side 
AO. 

For if < B, it would follow, by (1), that AB < 
AO, which is contrary to the hypothesis. K = B, 
then A B = A 0, also against the hypothesis ; therefore 
angle must be greater than B. 

THEOREM Xin. 

From a given point outside a straight line, only one per- 
pendicvla/r can he drawn to the same straight line. 

• Theorem XI. 
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Let us suppose that from 
point A two perpendiculars 
AE, AB can be drawn to 
CD. 

Let one of these perpen- 
diculars AE be produced by 
a length EA' = AE, and 
join A'B. 

Triangle AEB is equal 
to triangle A'EB, for the 
angles AEB, A'EB are 
rieht angles ; side A E == 

A^E, and side BE is common.* Therefore ABE=EBA' ; 
but A B E is a right angle (hypothesis), therefore E B A' 
is also a right an^e. 

But if the adjacent angles ABE, E B A' are together 
equal to two right angles, the line ABA' must be a 
straight line.f Therefore from point A to point A' two 
straight lines could be drawn, which is impossible, t 
Therefore, &c. 



THEOREM XIV. 

If from a point A situated outside a straight line D E 
a perpendicular AB 6c drawn to that straight line DE, 
and also different ohliqus lines AE, AC, AD, <fcc., to 
different points of the same line DE ; then — 

1. The perpendicular AB tuill he shorter than any 
ohlique, 

2. The two obliques AC, AE on each side of the 
perpendicular ai equal distances B 0, B E unll he egual. 

3. Of two ohliques AC and AD, or AE and AD, 
drawn at different distances from A B, that which deviates 
the most from the perpendicular will he the longest. 

Produce the perpendicular A B by a length B F = 
AB, and join F C, F D. 

♦ Theorem V. f Theorem in. X Def . 8. 
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1. Triangle BCF is 
equal to triangle B A, for 
the right angle OBF » 
C B A, side C B is common, 
and side B F ^^ B A ; there- 
fore C A = CF. But AB, 
half of A B F^ is shorter than 
AC, half of ACF;* there- 
fore, first, the perpendicular 
is shorter than every oblique. 

2. K BE be by hypo- 
thesis equal to BC, AB is 

moreover common, and angle ABE = ABC; therefore 
triangle ABE is equal to triangle ABC; therefore 
the sides AE, AC are equal; therefore, secondly, two 
obliques which deviate equally from the perpendicular 
are equal. 

3. In triangle DFA, the sum of the lines AC, 
C F is less than the sum of the sides AD, D F ; * there- 
fore A C, half of the line A C F, is shorter than A D, 
half of A D F ; t therefore, thirdly, the obliques that 
deviate the most from the perpendicular are the longest. 

CoROLLABY I. — ^Tho perpendicular measures the true 
distance &om a point to a line, since it is shorter than 
every oblique. 

CoBOLLABY II. — ^From one and the same point three 
equal straight lines cannot be drawn to another straight 
line ; for if that were the case, there would be on the 
same side of a perpendicular two equal obliques, which 
IB impossible. 

THEOREM XV. 

If through the point C, tlie centre of the straight line 
A B, the perpendicular E F &e raised on tha;b straight line, 
first, ea>ch point of the perpendicular will he equally dista/nt 
from the two extremities of tJte line A B ; secondly, every 
point situaied outside the perpendicular unU he unequaUy 
distant from the sa/me extremities A a/nd B. 

• Theorem XIII. f Theorem VIII. 

c 
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1. For, &nt, smce by hypothenB 
AC = CB, the two obliques AD, 
DB deTiate equally from the per- 
pendicular ; * therefore they are 
equaL The same is the case with 
the two obliques AE, EB, of the 
other two AF, FB, &c. ; there- 
fore, first, every point of the per- 
pendicular is distant equally &om 
the extremities A and B. 

2. Let I be a point outside the 
perpendicular ; if lines I A, IB be 
drawn, one of these lines will cut 

the perpendicular at D, from which if we draw D B, this 
gives D B = D A. But the straight line I B is less than 
the broken line ID + DB, and ID + DB = ID + 
DA = I A ; therefore IB < I A ; therefore, secondly, 
every point outside the perpendicular is unequally diEk 
tant from the extremities A and B. 

Remark, — ^In plane geometry, the term geometriced 
locus t is given to a Hne of which all the points enjoy a 
common property, to the exclusion of all the other points 
of the plane. 

The line E F is therefore the geometrical locus of the 
points equally distant from the points A and B. 



TB[E0IIEM XVI. 

Tiro rtght-cmgled triangles are equal if they have the 
hypothenuse equal and another side equal. 



• Theorem XTV. 

f Todhmiter (School Euclid, Appendix, p. 328) describes 
a locus as oonBisting of all the points which satisfy certain 
conditions, and of these points alone. 

The term locus has been retained from our nsual termin. 
ology, though the French term lieu, translated by pla6#, 
seems to be preferable, as more modem and English. 
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Let ABO, DEF be two 
light-angled tnangleB, and B, E 
their xi^t angles ; I Buppose 
the hypothenuse A equid to 
D F, the side A B equal to 
DE, and it is inferred that 
these two triangles are equal. 
To prove it, let triangle D E F 
be placed on triangle ABC, 
making the equal sides DE, 

AB coincide, placing point E on point B, point D on 
point A« Then side E F takes the direction B C, because 
of the equality of the right angles E and B, and the 
hypothenuse DF is applied to AC, because these two 
equal lines are obliques to B C, and situated on the same 
side of the perpendicular AB.* The triangles DEF, 
ABC are therefore equal, since their sides coincide. 




THEOBJBM XVIL 



Two r%g?U-angled triangles are equal when they have 
the hffpothmuee and an angle equal. 

Let AC « DF and 
angle A = D. Placing 
DEF on ABC, so that 
DF covers AC, angle D 
being equal to angle A, 
D E will take the duection 
AB, and at the same time 
FE will ia^e the direction 

C B, for otherwise it would be i>o8sible from point C to 
let drop two perpendiculars on A B. Therefore point E 
will fall on d, and the two triangles will perfectly 
coincide. 




E 




• Theorem XIV., Cor. II. 
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THEOREM XVm. 

1. Every point M taken on the bieeetor * of an angle 
CAD if equatty distant from the sides of the angle^ 

2. Every point M taken in the angle CAD, and 
equally distant from the sides AC, AD, hdongs to the 
hisedor of that angle. 



1. From point M let drop the straight lines MD 
and MC respectiyely perpendicular to AD and AC. 
The right-angled triangles MAD, MAC are eqnal, for 
they haTe the hypothennse M A common, and the angles 
MAD, MAC equal bv hypothesis; therefore MD 
«MC.t 

2. Reciprocally, if the per- a 
pendicnlars MD, MC are 
eqnal, the right-angled tri- 
an^esMAD, MAC will also 
be eqnal, as haying the hy- 
pothennse MA common, and 
the sides MD, MC eqnal by 
hypothesis ; therefore the angle 
MAD = MAC. t 

It results from this that 
eyery point taken in the angle CAD outside the 
bisector A M is unequally distant from the two sides. 




Stholfiwn. — The bisector of an angle is the geometrical 
locus of the points situated in the interior of this angle, 
and which are equally distant from its sides. 



* The bisector of an angle is the line dividing the angle 
into two equal p arts. 

t Theorem XYII. t Theorem XYI. 
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THEORY OF PARALLELS. 

THEOREM XIX. 

Two straigM lines A C^ B D, perpendicular to the same 
straight line T>, are parallel. 



For if they met at a point 
M, for example, it would be 
possible from that point to 
drop two perpendiculars on 



M 

' B 



A 



C D 



B D C 



THEOREM XX. 

Through a point A sittuited outside a straight line B C, 
a parallel, and only one, can he drawn to that line. 

From point A draw the A E 

perpendicular A D to the 
straight line B C, and the 
perpendicular AE to the 
straight line AD. The 
lines AE and BC are 

parallel, since both are perpendicular to A D ; f hence 
through point A a parallel can be drawn to the straight 
line B ; and it may be admitted % tJiat only one parcilel 
can he d/rawn to it, 

CoBOLLABT. — If two Straight lines are parallel, every 
straight line which meets one of them will also, if produced, 
meet the other. 



• Theorein XIII. f Theorem XIX. 

X It is well known to geometricians that in all the reason- 
ings on parallelB a f andamental proposition has to be taken for 
granted as self-evident. The above is assumed by Legendre, 
p. 20, Elements de Q4om4trie (1871) ; Amiot, p. 24s, Eldments de 
O^om^trie; Konche and De Comberonsse, p. 29, Trait4 de 

Qeomdtrie EUmentavre, &c. 
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THEOREM XXI. 

If two straight lines CD, AB are parallel, every 
straight line F H perpendicular to one of them All ia 
perpendicular to the other CD. 

It is in the first place H D 

evident that F H must • 



meet D^ otherwise it 

wonld be possible through 

the point F to draw two ■■ 

parallels to CD. A F B 

Lastly^ C D is perpen- 
dicular to F H, for if the line C D were oblique to F H, 
at point H a perpendicular could be raised to FH, 
which would be parallel to A B, and thus there would be 
two straight lines, passing by the point H and parallel 
toAB.* 



THEOREM XXTT. 

Two straight lines AB, CD parallel to a third EF 
are parallel to each cither » 

For if the two lines A B, 
CD met at a point M, it 

would be possible from that ^^ M 

point to draw two parallels 

toEF.» 

E 



THEOREM XXTTT. 

When two parallel straight lines A B, C D are met 
hy a seccmt E F, the fowr acfuete angles resulting from it 
are equal to one another, and also the four obtuse angles, 

* Theorem XX. 



A 


B 


> 


C 


D 
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Let G and H be the 
points where the straight 
line EF meets the paral- 
lels AB, C D. The acute 
angles AGH, EGB are 
equal because they are 
opposed at the vertex.* 
The same is the case 
-with the acute angles 
GHD, CHP. To prove 
the equality of the four 
acute angles formed by 
the straight lines AB^ CD, EF, it is sufficient there- 
fore to prove that the angle A G H is equal to G H D. 

From the centre O of the line G H let drop the per^ 
pendicular IK on the two parallels AB, CD. The 
right-angled triangles GKO, HIO are equal,t because 
they have the hypothenuses OG, OH equal, and the 
acute angles GO K, I OH equal as opposed at the summit ; 
therefore the angle O G K is equal to the angle O H I. It 
results from the equality of the four acute angles that the 
four obtuse angles are equal to one another, for each obtuse 
angle has for supplement t one of the four acute angles. 



DEFINITIONS. 



27. When two straight 
lines AB, CD are cut by a 
transversal % EF, there are 
eight angles formed at the 
points of intersection G 
and H. 

The four angles (1), (4^, 
(5), (8) included between the 
two straight lines AB and 
CD are called internal 
angles. The four others are 
called external angles. 

Two angles such as (1) 




* Theorem IV, f Theorem XVII. J Def . 22. 

§ The term transversal, common in French g^eometry and 
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and (5), sitnated on opposite sides of the secant, or 
transveiBal, internal and not adjacent, are called alter- 
nate internaL 

Two angles snch as (8) and (2), sitnated on the same 
side of the secant, one internal and the other external and 
not adjacent, are called corresponding angles. 

Lastly, angles such as (2) and (6), sitnated on opposite 
sides of the secant, external and not adjacent, are called 
alternate external. 

From this we obtain a new enunciation of Theorem 
XXIIL 

THEOREM xxrv: 

ff two straight lines are paraUd, they will form with 
any secant — 

1. Equal alternate internal angles, 

2. Equal altemale external angles, 

3. Equal corresponding angles, 

4. Supplementary interned angles on the same side, 
6. Supplementary external angles on the same side. - 

new to English sehcolB, explains itself : trcms, across, verto, I 
turn. It is a secant or straight line catting two or more other 
lines, like the sides of a triangle. 

The application of transversals is largely adopted in French 
elementary geometries, and is nsefnl in the analysis of pro- 
portions and ratios. Menelans, a Greek geometer (100 ^ears 
before Ptolemy), reasoned on the principle of transversals. 
John de Geva, an Italian geometer of the 16th centary, 
applied the same principle, and Camot gave a Th6orie des 
Tromsversales in his Q^om^trie de Position, Amiot says: 
" When yon draw a straight line on the plane of a triangle, it 
can meet the three sides or be parallel to one of them. In 
these two cases it is g^ven the name of transversal,'*^' 
Legons Nowvelles, p. 94. {See Appendix.) 

Todhnnter^s definition of transversals is : Any line, straight 
or carved,, which cats a system of other lines is called a 
tromsversal. — Appendix, " On Modem Geometry," p. 335, 
School EucUd, 1867. 
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For two alternate internal or alternate external or 
corresponding angles are either both acute or obtuse, 
and therefore equal to one another. * But of two internal 
or external angles on the same side, one is acute and the 
other obtuse ; these angles are therefore supplementary, f 
(See diagram, Theorem XXV.) 



THEOREM XXV. 

Reciprocally, two straight lines AB, OD are parallel 
when they make with the secant M N — 

1. Equal aUemate in^ 
temal angles. 

2. Equal alternate ea>- 
temal angles. 

3. Equal corresponding 
a/ngles. 

4. Supplementary inter- 
nal angles on the same side. 

6. Supplementary exter- 
nal angles on the same side. 

Let it be granted that the alternate internal angles 
A OP, DPO are equal. Then the straight lines AB, 
C D are parallel. 

For the straight line AB and its parallel, drawn 
through the point P where the secant MK meets CD, 
make with MN equal alternate internal angles, t Now, 
one of these angles is A P, therefore the other is the 
angle DPO, since they are by hypothesis the position of 
two alternate internal angles, and since they are equal. 
Therefore the parallel drawn from point P to the straight 
line A B is no other than the line C D. 

It could be proved by an analogous reasoning in the 
four other cases that A B is parallel to C D. 

* Theorem XXTTL f I>©f • 22. J Theorem XXIV. 
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CoBOLLABY. — ^The contrart/* propositions to the two 
preceding ones are true. They include this special 
theorem : — Two straight lines w%U meet when they make 
with a secant two internal angles on the same side, of which 
the sum is less than two right angles. In his celebrated 
Treatise on Geometry^ Euclid f demands the admission of 
this theorem as evident^ and he makes it the basis of his 
theory of parallel lines ; accordingly^ this theorem is 
known as the postulate of Euclid. In the present 
treatise we have substituted the following : — " Throtigh a 
given point only one parallel can he drawn to a given 
straight line" (Theorem XX.). 

THEOREM XXVL 

Two angles which Jiave their sides parallel are equal cr 
supplementary, 

1. Let ABO, DEFbetwo 

angles, of which the sides are 
parallel and turned in the same 
direction. These angles will be 
equal. For the angles DLO, 
D E F are equal as corresj^nding * 
angles.}: But for the same reason 
D L = AB 0, therefore ABC 
-DEP. 

2. Let there be two angles 
ABO, MEN, of which the sides 
are parallel, but turned in an 
opposite direction. These angles will be equal: for 
MEK:=DEF, and DEF- ABO. 




♦ If in the ennnoiation of a proposition a negation of an 
hypothesis be added to the consequence, the contra/ry proposi- 
tion is found. For example, to tiie following proposition, 
"Two right angles are equal," corresponds the contrary propo- 
sition : " If two angles be not right angles, they are not 
equal " — evidently a false conclusion. — See Definition 19. 
Book I. 

t A Greek geometer, who lived about B.C. 320. 
J Theorem XXIV. 
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3. Lastly^ two angles ABC, DEM, of whicli the 
sides are parallel, bnt of which two sides, BA and 
E D, are turned the same way, and the two others, B 
and E M, in a contrary direction, are supplementary ; for 
D E M is the supplement of DEF,andDEF « ABO. 



THEOREM XXVn. 

If two angles have their aide$ perpendicular, each to 
each, these angles wiU he equal or supplementary. 

Let BAG, DEF I H D F 

be two angles, of which 
the sides are perpen- 
dicular, each to each. 
Draw through the 
point A a line A I 
peri)endicular to AB, 
and a straight line AH 
perpendicular to A ; 
the straight lines A I, 
AH wiU be respec- 
tively parallel to the straight lines D E, E F, and turned 
in the same direction ; therefore the angle I AH is equal 
to DEF; butIAH-|-HAB= 1 right angle, and BAO 
+ H AB = 1 right angle. Therefore lAH = BAO. 

8choUwm, — If the angle formed by the straight line 
E F and the prolongation of D E were examined, it would 
be found that the angle FEG is supplementary to the 
angle BAO. 




THEOREM XXVm. 

The sum of the angles of any triangle is equal to two 
right angles. 
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In the triangle ABC, let E 

the side AB be produced, 
and through the Bummit B 
let the straight line BE be 
drawn parallel to the oppo- 
site side A C. 

The angles ACB, CBE 
are equal as alternate inter- 
nal in relation to the parallels AC, BE and the 
secant BC * (XXTTI.) ; the angles AB, E BD are also 
equal as corresponding angles in relation to the same 
parallels and to the secant A B. Therefore the sum of 
the three angles ABC, A OB, CAB of the triangle 
is equal to the sum of the adjacent angles ABC, 
CBE, E B D formed on the same straight line A D ; 
that is, it is equal to two right angles, f 

CoBOLLABT I. — The angle CBD made by the side 
BC with the prolongation BD of the side A B is esc- 
tenor to the triangle. Hence results this theorem : — An 
angle CBD exterior to a triangle ABC ia equal to the 
sum of the interior cmglea CAB, ACB which are not 
adfacentto it^ 

CoKOLLABT II. — ^A triangle can only have one right or 
obtuse angle ; then the two other angles are acute. The 
acute angles of a right-angled triangle are comple- 
mentary. 

CoBOLLABT HE. — ^Each angle of an equilateral triangle 
is equal to two-thirds of a right angle. 

CoBOLLABT lY. — ^If two angles of a triangle are re- 
spectively equal to two angles of another triangle, the 
thbd angle of the first triangle is also equal to the third 
angle of the second. 

• Theorem XXIV. 

t Theorem n., Book I. 

{ This corollary to Theorem XX V ill. is made a part of 
Proposition 82 in Enclid (Book I.) . 
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DEFminONS. 

28. The term polygon is applied to a portion of a plane 
terminated by straignt lines. These lines are named the 
sides of the polygon^ and their sum total makes up the 
outline or perimeter of the figure. 

A polygon which has only three sides is a triangle, A 
polygon of four sides is named a auadrUaleral ; one of 
five sides, a pentagon ; one of six sides, a hexagon^ &c. 

A polygon is convex when it is all on the same side of 
each of the straight lines that bound it prolonged in- 
definitely. In the opposite case it is styled concave. 

The term diagonal of a polygon is given to the straight 
line which joins two non-consecutive summits of that 
polygon. 



THEOREM XXIX. 

The sum of the interior angles of a polygon is equal to 
twice as ma/ay right angles as the figu/re has sides, minus 
two,* 

Through one of the summits A 
of the polvgon ABCDEFG, let 
diagonsJs oe drawn to all the non- 
adiacent summits. The polygon 
will be divided into as many tri- 
angles as it has sides, minus two ; 
for these different triangles can be 
considered as having for their 
common summit the point A, and 
for bases the different sides of the 
polygon, except the two last tri- 
an^rles, which each of them contain two sides of the 
pofygon. It may be also seen iJiat the sum of the 
angles of these triangles is equal to the sum of the angles 

* This proposition is made a corollary of Proposition 82, 
Book I., Euclid. 
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of the polygon ; therefore this last sum is equal to as 
many times two right angles as there are sides minus two. 
If 71 is used to represent the number of the sides of the 
polgyon, the sum of tiie angles will be : 2 X (w — 2) 
or 2n — 4. 

THEOREM XXX. 

The »mn of the angles made outside a convex polygon 
hy prolonging its sides in the same direction is equal to 
four right angles. 

Each angle exterior to the polygon ABCDEF, 
such as the angle ABG, being the supplement of the 




interior angle ABO adjacent to it (TV.)^ the sum of the 
exterior and interior angles is equal to as many times 
two right angles as the polygon has summits or sides. 
This sum is therefore equal to 2n right angles, n being 
the number of sides to the polygon. But the interior 
angles are equal together to 29i — 4 right axigles (XXIX.^ ; 
therefore the sum of the external angles is equal to the 
excess of 2n right angles over (2n — 4), that is, equal 
to four right angles. 

OoBOLLAST. — ^A convex polygon has not more than 
three internal angles that are acute, for it cannot have 
more than three obtuse external angles. 
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DEFINITIONS. 

29. A parallelogram is a 
quadrilateral, of which the op- 
posite sides are equal 

30. A lozenge* is a quadri- 
lateral which has all its sides 
equal. (It is also a parallelo- 
gram.) 

31. A rectangle is a parallelo- 
gram, of which all the angles are 
right angles. 

32. A sqtuire is a rectangle, of 
which all the sides are equal, or 
a lozenge, of which all the angles 
are right angles. 



ZH/ 




LHH 



THEOREM XXXI. 

T?ie opposite aides of a parallelogram are equal, also 
its opposite a/nghs. 

Draw the line BD, forming 
the diagonal of paraUelogram 
ABCD. Then the two tri- 
angles A D B, D B have the 
side B D common ; moreover, 
because of the parallels AD, 
BO, angle ADB = DBO 

(XXrV.), and because of the parallels AB, OD, an^e 
ABD = BDO; therefore the two triangles ADB, 
DBO are equal Cyi-) ; therefore the side A B opposite 
to the angle A D B is equal to the side D opposite to 
the equal angle DBO, and in like manner the tiiird side 
A D is equal to the third B ; therefore the opposite 
sides of a parallelogram are equal. 




* Called rhombus in the old-fashioned XSnclid. 
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In the second place, from the equality of the same 
triangles, it follows that angle A is equal to angle 0, and 
also tiiat angle ADO, made up of the two angles A D B, 
B D 0, is equal to the angle ABC, made up of the two 
angles D B C, A B D ; therefore tiie opposite angles of 
a parallelogram are equal. 

CJoBOLLABY I. — Therefore two parallels A B, C D in- 
cluded between two other parallelB A D, B are equaL 

CoBOiiLAB7 II. — Two parallels are everywhere 
equally distant. 

For CD and AB being 
parallels, let drop from A E F B 

points H and G, HF and 
G E, perpendiculars on A B. 

These stought lines will be 

parallel, and will be equal as C G H D 

being included between 

parallels. 

THEOREM XXXn. 

A quadrilateral, of which the opposite Bides or angles 
are equal, is a paralldogr<mi, 

1. Let the quadrilateral A B 

ABCD have side AB equal 
to side D 0, and side B 
equal to A D. Then the 
opposite sides of this quad- 
rilateral are parallel 

The diagonal AC divides 
the figure ABCD into two equal triangles, because they 
have the three sides equal, each to each (IX.) ; therefore 
the angle B A C opposite to the side B C is equal to the 
angle A D opposite to the side A D. Now these two 
angles are alternate internal in relation to the two 
straight lines A B, D, and to the secant A C ; there- 
fore A B is parallel to D (XXV.) ; and it can be 
proved in like manner that B C is parallel to A D. 
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2. The quadrilateral A B C D, of which the opposite 
angles are equal, is also a parallelogram. 

For, by ike hypothesis, the sum of the two consecu- 
tive angles D A B, A B C is equal to the half of the sum 
of the four a^^gs of the quadrilateral, that is, to two 
right angles (XATX.). Now these angles are internal in 
ration to the two lines A D, B 0, and situated on the 
same side of the secant A C ; therefore the side A D is 
parallel to B C (XXYL). In like manner ^e side A B is 
parallel to D 0. 

Ck)BOLLABT. — The lozenge* is a parallelogram^ since its 
opposite sides are equal 




THEOREM XXXTTT, 

Every quadrilaUrcLl which has two opposite sides equal 
and parallel is a parallelogram, 

Letthe quadrilateral AB CD B 

haye the side A B equal and 
parallel to D 0. Draw the 
diagonal A C. This line divides 
the quadrilateral into two tri- 
angles, ABO, ADC, which 
are equal H^eorem V.); for 

the side A is common, the side A B is equal to D 0, by 
hypothesis, and the angles B A 0, A D are equal as 
alternate internal, in relation to the parallels A B, D, 
and to the secant A 0. The angle D A opposite to the 
side D is equal, therefore, to the angle A B opposite 
to the side A B. But these angles are alternate internal 
in relation to the straight lines A D, B 0, and to the 
secant A 0. Oonsequently, A D is parallel to B (Theorem 
XXY.), and the quadrilateral A B D is a parallelogram. 

• Bee Definition 30. 
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THEOREM XXXIV. 

The two diagonals A 0, D B of a paralldogram cut 
each other mutually into two equal parts. 

For, comparing tri- 
angle A D O to triangle 
B, it is seen that 
side AD = OB, the 
angle ADO = OBO 
(XXILL), and the 
angle DAO =OCB; 

therefore these two triangles are equal ; therefore A O, 
the side opposite to the angle ADO, is equal to O 0, the 
side opposite to the angle O B ; therefore also D O 
- OB. 

CoBOLLABT I. — The diagondlso/ a rectangle ABCD 
are equal. 

For the triangles AD 0, 
BAD, which have a right B 
angle included between 
two sides, equal each to 
each, are equal (V.) ; and 
the diagonal AC, opposite 
to the right angle ADC 
is equal to the diagonal 
BD, opposite the right angle BAD. 

OoBOLLABY IT. — The diagonals of a lozenge ABCD 
are perpendicular one to the other. 

For the diagonal B D, of which the 
two points B, D are equally distant 
from the extremities of the diagonal 
AC, is perpendicular to that line (XV.), 
and divides it into two equal parts. 

CoBOLLABY III. — TJic diagonals of a 
sqimre are equal and perpendicular to 
one another. For the square is at once 
a rectangle and a lozenge. 
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THEOREM XXXV. 

Two pcvrdUdograms are equal when they have an equal 
aiigU included between two equal ndes, each to eacK 

Let ABCD, A'B'C'iy be 
two parallelograms, having the D 

angle A equaJ to tiie angle A!, 
and the sides A B^ A D res- 
pectively equal to the sides 
A' B', A' ly. Then these 
qoadnlateraLs are eqnaL ** '" 

For, placing parallelogram 
ABCD on parallelogram D^ C 

A'B'O'iy, so that their sides y 7 

A B, A' B' coincide, as angles / / 

A and A' are equal, side A D / / 

falls on side A IX and point ^, n, 

D on jy. Side DC, parallel ^ ^ 

to A B, takes the direction of 

side ly (y, parallel to A' B'. For the same reason, side 
B takes tiie direction B' C, point becomes con- 
founded with point (j^ and the two parallelograms 
coincide. 

CoBOLLARY. — Two rectavglcs are equal when they have 
two adjacent sides equal, each to each. 
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DEFINITIONS. 

33. The circumference is a plane line of which all 
the points are equally distant from one same point, 
situated in the middle and named centre. 

34. The circle is the portion of a plane limited by the 
circumference. 

35. The name of radius is given to every straight 
line drawn from the centre to the circumference. The 
radii of the same circumference are equal. A circum- 
ference is generally described in language by one of its 
radii 

36. An arc of a circle is 
any part of a circumference ; 
it has for its chord, or line sub- 
tending it, the straight line 
which joins its extremities. 

Thus the straight line AB 
is the chord of the arc A M B 
of the circle C A. A chord 

belongs to two arcs, which united form the circum- 
ference. Only the smaller of the two arcs is generally 
considered. 

37. The term diameter is applied to any chord which 
passes through the centre. All diameters in the same 
circle are equal, since each of them is twice a radius. 
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THEOREM L 

The diameter is the greatest of chords ; it divides the 
evrcumfermce amd the cirde irUo two eqtuU parts. 

1. Let AD be a chord not 
paasing through the centre. To 
the extremities of A D draw 
radii AC, CD. Then the 
straight lineAD<AC + CD, 
or AD < AB. 

CoBOLLART. — Therefore the 
greatest straight line that can 
be inscribed in a circle is equal 
to its diameter. 

2. The diameter A B divides 
the circumference A F E, and the 
circle bounded by it, into two 
equal parts. 

For if A E B is folded over 
AB and placed on AFB, the 

curved line AEB must fall exactly on the curved line 
A F B ; otherwise, in one or other of these semi-circum- 
ferences there would be points unequally distant from 
the centre^ which is contrary to the definition of a circle. 



THEOREM IL 

A straight line cannot meet a circumference in more than 
ttuo points. 

For if it met it in three points, these three points 
would be equally distant from the centre. There would 
then be three equal straight lines drawn from the same 
point to the same straight line, which is impossible.* 

• Theorem XIY., Corollary IL, Book L 
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THEOREM m. 

In the same circle, or in equal circles, equal arcs have 
equal chorda. Reciprocally, two arcs are equal if they 
have equal chords, and if they a/re both less or greater than 
a semi-circumference. 

Let circle C A be equal to 
circle O F, and arc A E B equal to 
arc F G H, then chords A B, 
F H of these arcs are equal. 

Let these circles be superposed 
by placing the centre of one C on 
the centre of the other 0, and 
point A on point F. Then the 
two circumferences coincide, and 
point B falls on point H, since 
the arcs A E B, F G H are equal 
by hypothesis. Therefore the 
chords A B, F H have the same 
extremities, and are equal. 

Reciprocally. — Let arcs 
A E B, F G H be less than a semi- 
circumference, and subtended by 
equal chords A B, F H. Then 
they are equal. 

For the radii C A, C B, O F, and O H, drawn to the 
extremities of the equal chords A B, F H, determine 
two triangles C A B, O F H, whi^h have their three sides 
equal, each to each. ♦ Consequently the angle CAB, 
opposite to the side B, is equal to the angle O F H, 
opposite to the side O H. This being determined, apply 
the centre O of the circle F on the centre of the 
circle A, and the point F on point A. Then the cir- 
cumferences coincide, and the chord F H takes the direc- 
tion A B, because of the equality of the angles O F H, 
CAB. Therefore point H falls on point B, and arc 
F G H is equal to arc A E B. 




* Theorem IX., Book I. 
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THEOREM IV. 

0/ two unequal area, the greater is subtended hy the 
greater chord. 

If in circles O A^ I C, arc H 

A M H is greater than arc N D, B 

chord A H will be greater than M 
chord C D. For, with its origin at . ^ 
A, let ns take in arc A M H an arc 
A M B equal to arc C N D. Then 
the chords A B, C D will be equal, 
and it remains to prove that chord 
A B is less than chord A H. But 
arc A M B beii^ less than arc 
A M H, point B falls between 
the points A and H, and angle 
A O B is less than angle A O H. 
OonsequentW^ the two triangles 
A O B, A O H have an unequal 
angle included between two sides 
equal each to each, namely, O A common, and O B = 
O H, as radii of the same circle. Therefore (YII. , 1st 
Book) the side A B, opposite to the angle A O B, is less 
than the side A H, opposite to the angle A O H. 




THEOREM V. 

The radius C D, perpendicular to a chord A B, divides 
into two equal parts this chord and the arc A D B which 
it subtends. 



Fold the circle D over the 
diameter DOE, applying the 
semicircle D A E to the semicircle 
D B E. The arc D A E coincides 
with the arc DBE, and the straight 
line F A takes the direction F B, 
because of the equality of the 
right angles F A, F B. 

The point of intersection A of 



E 
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the arc DAE and of the straight line F A falls, there- 
fore^ on the point of intersection B of the arc D B E and 
of the straight line F B. Therefore the straight line F A 
is equal to the straight line F B, and the arc D A to the 
arc D B. * Point F is therefore the middle of the chord 
A B, and point D the middle of the arc A D B. 

CoBOLLABT I. — The centre of a circle, the middle of a 
chord, and the middle of the arc subtended by this chord, 
are situoited on the same straight line, perpendicular to the 
chord. 

As a straight line is determined by two points, or by a 
single point, on condition that the straight line is per- 
pendicular to a given straight line, this corollary gives 
occasion to the six following enunciations : — 

1. The radius, perpendicular to a chord, divides this 
chord and the arc which it subtends into two equal parts. 

2. The perpendicular raised at the middle of a chord, 
and on that line, passes through the centre of the circle 
and the middle of the arc subtended by the chord. 

3. The perpendicular, dropped from the middle of an 
arc on its chord, passes through the centre of the circle 
and the middle of the chord. 

4. The radius, drawn through the middle of a chord, 
is perpendicular to it, and divides into two equal parts 
the arc which this chord subtends. 

5. The radius, passing through the middle of an arc, 
divides the chord of that arc into two equal parts, and is 
perpendicular to it. 

6. The straight line, drawn through the centres of an 
arc and of its chord, passes through the centre of the 
circle, and is perpendictdar to the chord. 

CoROLLABY II. — The geometrical locus of the centres 
of the chords of a circle, parallel to a given straight line, 
is the diameter perpendicular to this line. 

♦ Theorem III., Book II. 
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DEFINITIONS. 

38. Two points A and A' are called symmetrical in 
relation to a straight line M N, when the straight line 
M N is perpendicular to the centre 
of the stiuight line A A'. The A 

straight line MN then takes the 
name of axis of symmetry. 

If the plane be folded oyer 
MN, and the npper part be 

brought down on the lower, the M N 

line BA will take the direction B 

B A.', since the two angles MBA, 
MBA' are right angles, and there- 
fore equal. And as, moreover. 



B A = jB A', point A will coincide -^' 

with point A'. Thus, when two 

points are symmetrical in relation to an axis, if one of 

the parts of a plane be turned over the axis to bring it 

down on the other part, the symmetrical points coincide. 

39. Two curves, or two portions of the same curve, 
and more generally two figures, are styled symmetrical in 
relation to an axis, when the points of these two figures 
are two by two symmetrical in relation to this axis. It 
results from the preceding remark, that two figures, sym< 
metrical in relation to an axis, can be applied one on the 
other ; consequently they are equal. 

40. A straight line is said to be the axis of sym- 
metry of a curve when it divides that curve into two 
symmetrical parts. 

It results from the foregoing propositions : — 

1. That every diameter is an axis of symmetry to the 
circumference. 
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2. That the diameter perpen- 
dicular to a chord is an axis of 
symmetry to each of the arcs which 
it subtends. For if by each of the 
points of the arc A B, for example, 
a chord be drawn perpendicular 
to the diameter D E, its centre will 
be on this diameter; that is, the 
arc B D is symmetrical to A D, or 
in other terms, the diameter DE 
divides the arc ABB into two symmetrical parts. 





THEOREM VL 

Three points A, B, C not in a straight line determine a 
circumference. 

Draw the straight lines 
A B, B ; then raise through 
the middle D, E of these 
lines the perpendicular DF 
on A B, and the perpendicu- 
lar EG on BC. Thestraight 
lines D F, E G will meet, for 
they cannot be parallel, be- 
cause the peroendiculars B A, 
B 0, dropped from the same 

point B on these straight lines, do not coincide, by the 
hypothesis. 

Let H be the intersection of these two lines. This 
point situated on the line DF, perpendicular to the 
middle of A B, is equally distant &om the point A and 
B ; it is also at the same distance from the two points 
B, 0, as it is on the line E G, perpendicular to the middle 
of B ; it is therefore equsdly distant from the three 
points A, B, C. Moreover, it is the only point that 
enjoys this property ; for every other point is* outside at 
least one of the stought lines D F, E G, and therefore 
imequally distant from the points A, B, C. 
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The ciTcmnferenoe described from the point H as 
centre with the radius AH passes, therefore, through 
the three points A, B, ; and it is the only one, since 
the point H is the only one equally distant from the 
three points A, B, C. 

OoBOLLABY. — Two circumferonces which have three 
points common coincide. 

THEOREM Vn. 

Tvjo equal chorda cure equaUy distant from Ihe eetdre ; 
and of two v/nequal chordsy the leeeer is the more remote 
from the centre. 

1. Let the chord AB = tlt -w 
DE; divide these chords in MB 
two by the perpendiculars 
OF, CG, and <&aw the radii 
CA,OD. 

The right-angled triangles 
CAF, DOG have the hy- 
pothenuses OA, CD equal; 
moreover, the side A F, half 
of AB, is equal to the side 
DG, half of DE; therefore 
these triangles are equal,* and the third side F is equal 
to the third G ; therefore, 1st, the two equal chords 
A B, D E are eqiiaUy distant from the centre. 

2. Let the chord A H be greater than D E ; then 
arc A K H will be greater than the arc D M E. 

On arc AK H take the part AKB = DME. Draw 
the chord A B, and drop the perpendicular C F to that 
chord, and the perpendiculsur 1 on A H. It is clear 
that F is greater than O, and C greater than 1 ;t 
therefore, a foHiori, F > L But C F = G, since 
the chords A B, D E are equal. Therefore C G > 01; 
therefore of two unequal chords, the smaller is more 
remote from the centre. 

• Theorem XVL, Book L 

t Theorem XIV., Corollary I., Book L 
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m 

DEFINITIONS. 

41. The name of secant of a circle is given to every 
straight line that has two points common to the cir- 
cumference. 

42. A line is tangent to a circumference when it has 
only one point in contact with that curve. This point is 
named the point of contact. 

THEOREM Vin. 

The perpendicuUw d/ra/von to the extremity of a radius is 
a tangent to the drcy/mference. 

KecifbocaIiLY. — Every straight line ta/ngent to a Hr- 
ewnference is perpendicular - to the radius at {he point qf 
contact. 

1. At the extremity A of B 
the radius C A let the per- 
pendicular B D be raised on 
that straight line ; then it is 
tangent to the circumference 
CA. 

For the distance E from 
the centre to any point 
E on the straight line BD^ 
different to the point A, is 
greater than the radius C A perpendicular to B D.* 
Therefore point E is exterior to the circumference A, 
and the line BD has only the point A common with 
that circumference. 

Becifrogally. — If the straight line B D touches the 
circumference CA at the point A^ it is perpendicular 
to the radius C A. 

For every point E on the straight line B D, different 
from A, being by hypothesis exterior to the circumference 
A, the radius C A is the shortest line that can be drawn 
from the centre to the tangent B D ; it is therefore per- 
pendicular to that straight Hne.t 

• Theorem XIV., Corollary I., Book I. 
f Theorem XIY., Corollary I., Book L 
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CoBOLLABY I. — Through a point on a circumference 
only one tangent can be drawn to that curve. 

CoBOLLABY II. — The tangent is parallel to the chords, 
which the diameter, drawn to the point of contact, divides 
into two equal parts.* 

THEOREM IX 

Two paraMd straight lines intercept two equal arcs on a 
cvrcmnference. 

The two parallels may be 
both secants or both tan- 
gents, or one secant and the 
other tangent. These three 
cases will be now examined. 

1. If the two parallels 
are the secants BO, DE, 

the diameter A H, which is *^ - ^^"^ ' - -^'^ -^ 

perpendicular to them, di- ]g[ 

vides into two equal parts 

each of the arcs BAO, DAE subtended by these straight 
lines.* Therefore the arc AB is equal to the arc AO, 
and the arc A D equal to the arc A E ; therefore the dif- 
ference of the arcs A D, AB is equal to the difference of 
the arcs A E, A ; that is, arcs B D, E, intercepted by 
the parallel secants B 0, D E, are equal 

2. If one of the parallels is the secant B 0, and the 
other the tangent F O, the radius drawn to the point of 
contact A is perpendicular to the tangent, and conse- 
quently to its parallel BO;* therefore it divides the arc 
BAO into two equal parts AB, AO.f 

3. When the two parallels F G, K L are tangents, the 
diameter perpendicular to these two straight lines passes 
through their points of contact A and H ; % therefore the 
arc A B H is equal to the arc A H. 

* Theor. XXII., Book I. f Theor. V., Corol. II., Book II. 
X Theor. VIII., Oorol. II., Book II. 
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DEFINITION. 

* 

43. Two circtunferences are tangents at a common 
pointy when they have the same tangent at that point. 

THEOREM X< 

If two circrnnferences intersect, the straight line which 
unites their centres is perpendicidor to the common chord, and 
divides it into two equal parts. 

Let there be two 
circumferences A E, 
C E, which intersect 
at the points E and 
F ; each of their 
centres A, being 
equally distant from 
the two points E, F, 
the straight line A 

is perpendicular to the common chord E F^ and divides it 
into two equal parts.* 

CoBOLLABY. — ^If the point E coincides with the point 
B, where the circumference AB cuts the straight line A C, 
the point F becomes also confoimded with point B, since 
the straight line A is perpendicular to the middle of 
E F. Then the two circumferences have only one com- 
mon point B^ and the straight line E F is tangent to both. 

Therefore, 1st, when 
two circumferences A B, P 

OB have only one com- 
mon point B^ it is situ- 
ated on the stradght line 
AC, which Joins their 
centres; 2nd, these cir- 
cumferences have the 
same tangent B F a^ that 
point, thai is, they are 
tangmt to each other. 




• Theorem XV., Book I. 
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When two circumferences are drawn on the same 
plane, they have two points common, or only one, or 
none. In the two latter cases, one of the circumferences 
can be exterior or interior to the other ; consequently 
these lines have in relation to each other only five 
different positions, to which the following fi^e theorems 
correspond : — 



THEOREM XI. 

If ttoo circumferences OA, OB, having no common 
point, are exterior to each other, the distance of their centres 
C, O is greater than the sum of their radii A, OB. 

The straight line 0, 
which joins the centi^, 
cuts one of the circum- 
ferences at the point A, 
and the other at the 
point B; it is therefore 
equal to the simi of the 
radii C A, O B increased 
by the distance of the 
two points A and B, so that we have CO > OA + OB. 



THEOEEM Xn. 

If two drc/umferences a/re tangents eosteriorly, the distance 
of their centres is equal to the sum of their rada. 

The point of con- 
tact A of the two 
circumferences is 
situated on the line 
of the centres, and 
then we have evi- 
dently 00 « OA + 
AC. 
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If two circumferences are interior, the distance of the 
centres is less than the difference of the radii. 



ForOC' = OA— O'A' 
A' A, whence 0' < A 
CA' 





THEOREM XIV. 

If two circumferences touch interiorly, the distance of 
the centres is equal to the difference of the radii. 



For the point of contact A is 
on the line of the centres, giving 
OC = OA — C'A. 



THEOREM XV. 

When two circumferences A, O A intersect, the distant 
of their centres G, 0, is less than the sum of the radii A, 
O A, and greater than their different. 

Let A be one of the 
points of intersection of 
the two circumferences ; 
this point being exterior 
to the straight fine which 
joins the centres and 
O,* the radii C A, O A 
make with the straight 
line 00 a triangle in 




* Theorem X., Book II. 
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which the side O is at once less than the sum of the 
two other sides A, O A, and greater than their difference. 

OBflEBYATiON. — ^When two arcs of a circle intersect at 
a point A, it is said that they make an angle at that 
point, and this angle is measured by that formed by 
the tangents drawn to these arcs through the summit A 
in the Erection of the same arcs. 

Hence result the following theorems, which it is easy 
to prove : — 

L T7ie circumferences C A, O A intersect at the point A 
under the same angles as their radii C A, O A produced 
indejmitehf, 

2. The cireamferen4ies CA, OA intersect at the two 
points A and B under the same angles. 



DEFINITIONS. 

44. To measure a magnitude is to find how many 
times it contains units 1 its kind and parts of unit/ 
When a magnitude is contained an exact number of times 
in two magnitudes of its kind, it is said to be their 
common measure. 

45. Two magnitudes of the same kind are mutually 
eommenswrdble or incommenswrahle, according as they have 
or have not a common measure. * 

46. The ratio of the two magnitudes of the same kind 
is the number which would express the measure of the 
first, if the second were taken as unity. 

THEOREM XYL (a) 

If two magnitudes of the same hind, A and B, are 
mutually comTnensu/rahUy their ratio is a whole orfrcMonal 

* 1. Two magnitudes are called oonmienBiiTable when they 
are multiples of a third magnitnde, which is styled their 
oommon measnre. 

2. To measure a magnitude commenBnrable by miity is to 
seek how many of these unities or aliquot parts of unity are 
contained in it. 

£ 
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number, which is obtained by dividing the two numbers one by 
the other, and which expresses how many times these magni- 
tudes co-niaiV' their common measure M. 

Let^ for example, A = 25 M, and B = 8 M ; then the 
common measure of M is ^ of B ; consequently A is equal 
to the V o^ ^f <^^ ^^^ ratio of A and B is the fractional 
number V- 

Kegifbocallt. — When the ratio of two magnitudes, A 
and B, is a whole orfractionaZ number, tJtese m^nitudes are 
mutually commensurable. Thus, if the ratio of A to B is 
eqtial to ^p, the seventh of B is contained 30 times in A, 
and the magnitudes A, B have a common measure eqtial 
to the seventh of B. 

When two magnitudes, A and B, are mutually incom- 
mensurable, it is impossible to measure the first by taking 
the second B as unit ; but a magnitude A' can be found, 
which is commensurable with B, and which differs from 
A as little as may be wished. For if you divide B into a 
very great number, say, a million equal parts, and if you 
take as A' the greatest multiple of this fraction of B 
contained in A, Sie magnitude of A' will not differ from 
A by a millionth part of B. In numerical applications, 
A' is substituted for A, and when the relation of A' to 
B is spoken of, the relation of A' to B must be under- 
stood. Accordingly, to show that the relation of two 
magnitudes of the same kind, A and B, is equal to that 
of two other magnitudes of the same kind, and D, the 
ustial examination papers* direct the student only to 
consider values of those magnitudes which are commen- 
surable together, t 

* Abroad, particularly in France. 

t Let it be conceived that unity is decomposed into any 
nmnber n of parts equal to each other and less than an incom- 
mensurable magnitude G. Taking 1, 2, 3, 4 . . of these parts 
a series is formed (1) Ai, A2, A , A^ , . . . Ait, Ajk + 1, . . ; in- 
creasing beyond all limits, and respectively measured by the 

numbers ->-->-... — > > . . . Contmuing far enoufirn 

n n n n n n ° ° 

in series (1), two consecutive magnitudes will be found, A^ and 
Ajs + ly which will comprehend the proposed magnitude G. 
Then substituting for G either A^, or Ajk + i an error will be 
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DEFINITIONS. 

47. The term angle at the centre is given to an angle 
of which the Bummit is situated at the centre of a circle. 

48. An angle is inscribed in a circle when it is formed 
by two chor£i which intersect on the circumference of 
that circle. 

49. A sector is the portion of a circle included between 
two radii. A segrnent of a circle is the portion of a circle 
included between an arc and its chord. 

50. A polygon is inscribed in a circle when its summits 
are situated on the circumference. 

Kboifbooallt. — ^A circle is said to be circumscribed 
round a polygon. 



THEOREM XVL (6) 

In the same circle, or in equal circles, equal arcs havt 
equal chords, Kegifbocally, two a/rcs are equal if they havi 
equal cTiords, and if they both are larger or less tha/n half a 
drcumferefnce. 

Let circle A be equal to circle O F^ and arc A E B 
equal to arc F G H ; then the chords AB, F H of these 
arcs are equal. 

A G F 





made less than the difference Ax; + 1 — AJc, that is, as small 
as is wished, beoanse this difference, which is the fith part of 
unity, can be diminished optionally, if n be taken large enongh. 
The result of operations to be effected on inoommensnrable 
numbers is the limit of the results obtained by snbstitating 
for each of them commensurable valaes approaching con- 
tinually nearer to each other. ^ 
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Let the two circles be superposed, placing centre C 
of the one on centre O of the other, and point A on point 
F. Then the two circumferences coincide, and point B 
falls on point H, because the arcs A E B, F G H are equal 
by hypothesis, llierefore chords AB, FH have the 
same extremities and are equal. 

Kegifbooally. — ^Let arcs A E B, F G H be less than a 
semi-circumference, and subtended by eqtial chords A B, 
F H ; then they are equal. For the radii A, C B, O F, 
and O H, drawn to the extremities of the equal chords 
AB, FH, determine two triangles GAB, OFH, whidi 
have their three sides equal, each to each ; therefore 
angle CAB, opposite to side B, is equal to angle OFH, 
opposite to side O H. This being established, place 
centre O of circle OF on centre O of circle CA, and 
point F on point A ; then the circumferences coincide, 
and chord FH takes the direction A B, on account of the 
equidity of tiie angles O F H, A B. Therefore point H 
falls on point B, and arc F GH is equal to arc A E B. 

THEOREM XVIL 

In the same circle, or m equal circles, two equal angles at 
the centre mtercept equal arcs, and reciprocaUy, 

Let the circles A, C' A' be 
equal; then arcs A B, A'B', in- 
tercepted by the two equal angles 
at the centre A OB, A'C B', are 
also equaL 

To show this, superpose the 
two circles, placing centre G' on 
centre 0, and point A' on point 
A. Then the radius C'A' coin- 
cides with the radius A, and 
the circumference 0' A' with the 
circumference A. But the angle 
A' (j B' being equal by hypothesis 
to angle AC B, radius CB f iJls on 
C B and coincides with it ; there- 
fore the arc A' B' coincides witii 
the arc A B, and is equal to it. 




® 
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Recipeocally. — If arcs A B, A' B' are equal, the 
angles at the centre A C B, A' C B', which they intercept, 
are also equal. 

For superposing circles C A', C A so that the radii 
C A', C A coincide, the arc A' B' coincides with its 
equal A B ; consequently the radius C B' takes the 
direction of the radius C B, and the angles at the centre 
A' C B', A C B, of which the sides coincide, are equaL 

CoROLLAitY. — ^If from the sum- B 

mit of a right angle, ACB as 
centre, any circunrference CA be 
described, the arc AB intercepted 
by this angle is equal to a quarter 
of the circumference. 

For the four angles at the 
centre formed by the straight lines 
C A, C B produced beyond point 
C are equal, as they are right angles ; therefore they 
divide the circumference into four eqtial arcs. 

Remark. — ^The fourth of the circumference Ib some- 
times designated by the word quadrant. 




THEOREM XVIIL 

Two angles BAG, D E F are in the same ratio* as the 
arcs B C, D F intercepted between their sides and described 
from their summits oa centres with equal radii. 

Let us suppose that the common measure of the arcs 
B G^ D F is contained, for instance^ four times in B G and 

A E 





* Book II., Definition 46. 
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three times in D F. Let us apply this common measure 
to the arcs, and let a, b, c, d, e, be the points of 
division. Joining these points to the respective centres, 
the angles BA a, etc., are obtained, all equal as they 
intercept equal arcs in equal circles.* The angle BAG 
contains four of these, whilst DEF contains three. 
Therefore the ratio of these two angles is equal to ^ ; 
but the ratio of the arcs B C, D F is also equal to ^. 
Therefore these two ratios are equal, and give the pro- 
portion BAG :DEF :: BG :DF. 

Remark I. — As the angle varies by infinitely small 
degrees when the arc varies in that manner, it follows 
that this proportion remains if the arcs have no common 
measure. 

Remark 11. — ^Nothing prevents the supposition that 
one of the arcs is an entire circumference, and that the 
corresponding angle is therefore equal to four right angles. 

Remark III. — The property demonstrated in this 
proposition is also expressed thus : An angle at the centre 
has for measure the arc included between its sides and 
described from its summit with an arbitrary radius. 

Remark IV. — The right angle is generally taken as the 
angular unit, because the quarter of the circumference is 
taken as the unity of length for arcs. 



THEOREM XIX. 

The meaev/re of an inscribed angle CAB is equal to 
half the measure of the arc G B included between its aides. 

There are three cases of inscribed angles. 

Gase I. — One of the sides AB of the inscribed angle 
is a diameter. 



• Theorem XVII., Book II. 
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Through the point O draw 
the diameter DE parallel to AC. 
The two angles CAB, DOB 
are equal as corresponding 
angles formed by the parallels 
CA, DE cut by the secant 
AB. Therefore it is required 
to find the measure of the angle 
DOB. 

But angles DOB, AOE are 
equal as opposed at the 8ummit,*and intercept equal arcs. 
Therefore arc DB is equal to arc AE. The two arcs 
D B and C D, equal to the same arc A E, are equal to 
each other. Therefore arc D B is half of arc C B. But 
the angle at the centre DOB has the same measure as 
arc D B ; t therefore angle C A B, equal to D O B, has the 
same measure as arc D B, or half B C the arc contained 
between its sides. 



B D C 



Case II. — Let the centre of 
the circle be inside the angle 
BAD. Then drawing the dia- 
meter A E and the radii C B, 
C D, the angle B C E exterior to 
the triangle ABC is equal to 
the sum of the two interior 
angles CAB, ABC;t but as 
the triangle BAC is isosceles, 
the angle CAB = ABC; there- 
fore the angle B C E is double of BAC. The angle 
B C E, as an angle at the centre, has for measure the arc 
B E ; therefore the angle BAG will have for measure 
the half of B E. For a like reason, the angle CAD will 
have for measure the half of E D ; therefore B A C -|- 
C A D, or B A D, will have for measure the half of B E -j- 
E D, or the half of B D. 




• Theorem IV., Book I. t Theorem XVII., Book II. 

X Corollary I., Theorem XXVIII., Book I. 
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Case III. — The centre O 
falls outside the angle BAG. 
Draw the diameter AOD. 
Then the angle B A C is the 
difference of the angles 
BAD, CAD, which, ac- 
cording to the first case, have 
respectively as measure ^ 
B D and i C D ; the differ- 
ence of these arcs, that is, 
the half of arc B C, is therefore the measure of the pro- 
posed angle BAG. 

CoROLLAHY I. — All angles B A C, B D C, etc. , inscribed 
in the same segment are equal, for they have as mea- 
sure the half of the same arc BOO. 




Corollary II. — ^Every angle inscribed in a semi-circle 
is a right angle, for it has as measure half the semi- 
circumference, or a quadrant. 

Corollary III. — Every 
angle B A C inscribed in a seg- 
ment greater than a semi-circle 
is am acute angle, for it has for 
measure half the arc B O C, less 
than a semi-circumference ; and 
every angle BOC inscribed in 
a segment less than a semi- 
circle is an obtuse angle, for 
it has for measure half the arc BAC, greater than a 
semi-circumference. 




Corollary IV. — Every angle inscribed in one of the 
two segments determined by a- chord is the supplement 
of any angle inscribed in the other segment. 
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The cmgle BAG formed hy a tcmgent and a chord h(u 
for its meaav/re half the a/rc A M D C imd/uded between its 
mdes. 

At the point q£ contact A 
draw the diameter AD. The 
angle B A D is a right angle, and 
has for measure half the semi- 
drcumferenoe AMD;* the angle 
D A has for measure the ludf 
of DO; therefore B A D + 
D AO, or B AO, has for measure 
half AMD, plus the half of D 0, 
or the half of the entire arc 
AMDO. 

It could be proved in like manner that the angle 
OAE has for measure half the arc AO included be- 
tween its sides. 



THEOREM yyr 

The cmgle BAG formed hy the two aeca/nU B E^ A 0, 
cmd of wMch the eummit is iruide ihe circumference, hoe for 
measure half the are contamed between its suksj plus half the 
arc contained between the prolongations of the same sides. 



For the angle BAG exterior 
to the triangle AEG is equal 
to the sum of the angles AEG, 
AGE, which have respectively 
for measure half the arcs BG 
andFE.t 




* Corollary U., Theorem XIX., Book II. 
t Theorem XIX., Book IL 
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THEOREM XXn. 



TTie angle BAG formed by the two secomts A B, A C^ 
cmd of which the sfwm/mit is exterior to the ci/rcv/mference, has 
for measfwre half the conca/ve arc B 0, nrni/us half the cowvex 
orcDE. 



For the angle A is equal to 
the difference of the angles B DO, 
A B D^ which have for their 
measure the first half of BO 
and the second half of DE. 

The proposition is still true 
when one of the sides of the 
angle or both sides ar^a tangents 
to the circumference, and the 
demonstration is the same. 




OoROLLABT. — The arc 
B A is the geometrical 
locus of the summits of 
the angles equal to D B, 
and of which the sides 
pass through the points 
and B. For, first, every 
angle inscribed in the seg- 
ment B A is eqtial to 
ODB ; second, every angle 
M B of which the summit is in the interior of the seg- 
ment is greater than ODB. Thus, producing OM to 
the circumference at N, and joining NB, the angle 
0MB exterior to the triangle MNB is greater than 
the interior angle M N B ; but the angle M NB = D B, 
therefore 0MB > ODB. 




Third. — It may be seen in like manner that every 
angle G B of which the summit is exterior to the seg- 
ment is less than ODB. 
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THEOKEM XXin. 

In every cowoex quadriUUeral inacrtbed in a circle Uie 
opposite arngUs a/re si^lementary. 

For if the angles B and 
D be considered, then chord 
A determines two segments 
ADO, AB G; and it has been 
seen that every angle D in- 
scribed in the upper segment 
is the supplement of every 
angle B inscribed in the lower 
segment.* 

Becifbocallt. — If in a convex quadrilateral ABC D 
two opposite angles, B and D, are supplementary, the 
quadrilateral is inecriptible ; f in other terms, the circum- 
ference determined by the three points A, B, will 
pass by the fourth summit D. 

For the summit D is a point situated above AG, 
and from which the chord A G will be viewed under an 
angle supplementary to B. But arc AMO is the locus 
of the points of the plane which enjoy this property. 




• Corollary IV., Theorem XIX. 
t Admits of being inscribed. 
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PROBLEMS RELATING TO THE FIRST 

TWO BOOKS. 

DEFmrnoifs. 

61. To draw a straight line on paper, an instroment 
is' used, called a ruler. A ruler is a bar of wood or of 
metal, of which the faces are flat and the edges 
straight. When it is wished to draw the straight Ime 
determined by two given points on a plane, a ruler is 
placed on tms plane, so that one of its edges passes 
through the two given points. Then the point of a pendl 
or pen is made to slide along the edge from one point to 
the other. 

To be satisfied B^r— Sa 

that the edge AB jf — tCi^h^^^biiik^^^^— N 
of a ruler AB CD ^^^^^^^^^^^C^ 

is straight, a 

straight mie MN is drawn on paper by making the 
point of the pencil slide along A B. Then it is tried to 
make the same edge A B coincide with this straight line 
but care is ti^en to place the extremity B to the left, 
which was before to the right, and reciprocally. 

It is ascertained that this coincidence takes place — that 
is, that the edge of A B is straight — ^when, on tracing a 
second line along the edge AB, it is found that this 
straight line is confounded with the first. The ruler is 
well made if each of its edges satisfies this condition. 

52. Compasses are an instrument with which a circum- 
ference is described on a plane. It is composed of two 
metsd rods, commonly called the legs of the compasses. 
These legs terminate in a point at one of their extremi- 
ties, and they are joined together at the other extremity 
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by a hinge, which allows the oompassefl to be opened 
more or less ; that is to increase or diminish the angle 
which they form. 

To describe a circumference of which the centre and 
the radius are given, the comjMtsses are opened in such 
wise that the distance of its points may be eqtial to the 
radins ; afterwards one of the points remains at the centre 
and the other point is made to turn round the centre ; 
resting it on the paper. The movable limb is terminated 
by a pencil or pen, which describes the circumference. 



PROBLEM I. 

To make on a straight Ime M N on angle Komng point 
N for mMnmitj and equal to a given angle ABO. 

From the summit B of 
the angle A B as centre, 
describe with any radius 
the arc ac between the 
sides of this angle ; then 
from the common point 
N as centre, and with the 
same radius B a, describe 
an indefinite arc p m till 
it meets the straight line 
M N, and beginning from 
their intersection m, take 
with the compasses a por- 
tion m P of the arc m p 

equal to arc ac Then ^^ m M 

draw the straight line 

N P. The angle MNP is equal to the angle ABC ; 
for they are measured by the equal arcs mp and a c* 





PROBLEM n. 

Two amgles, A amd B, of a tria/ngle being given, to fmd 
the third. 



* Theoiem XYII., Book II. 
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Draw the straight in- 
definite llhe D F. Make at 
point E the angle a =^ A, 
and the angle iS = B ; * the 
remaining angle7 will be the 
third angle required ; for 
these an^es taken together 
are eqnal to two right angles. 



PROBLEM m. 

When two sides, B and 0, of a triangUare given, ami (he 
ofngU A which ihey contain, to describe the triangle. 

Having drawn the in- 
definite line DE^ make 
at point D the angle 
E D F^ eqnal to the given 
angle A. Take afterwards 
DG = B, DH = 0, and 
drawGH. DGHwillB 
be the required triangle, f 



PROBLEM IV. 

When a side a/nd two angles of a triangle are given, to 
describe the triangle. 

The two given angles 
will be either both ad- 
jacent to the given side, 
or one adjacent and the 
other opposite to it. In 
the latter case, seek the 
third angle ;{ there will 
then be two adjacent 
angles. This being done, 
draw the straight line 
DE, eqtial to the given 




A A 




• Problem I., Book 11. f Theorem V., Book I. 

J Problem IL 
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side. Make at point D the angle E D F^ equal to one 
of the adjacent angles^ and at point E angle DEG^ 
equal to the other ; then the two lines D F, E G will 
cut at the point H. and DEH will be the triangle 
required. 

PROBLEM V. 

When two ndea A3 of a tricmgle are given, with the 
angle G opposite to the side B, to describe the triangle. 

There are two cases : — B — ^— ^— ^^ 

1. If the angle C is a right A 

or an obtuse angle, make the 
angle E D F equal to the angle 
; take D E = A ; at point E 
as centre, and with a radius 
equal to the given side B, 
describe an arc cutting the 
line DF at F. Draw EF, 
and DEF will be the re- 
quired triangle. 

In this first case, the side B must be greater than A, 
for the angle being a right or an obtuse angle is the 
greatest of the angles of the triangle.* Therefore the 
opposite side must also be the greatest. 

2. If the angle C is acute, and the line B is less than 






A, the same construction as in case 1 takes place ; then 
DEF is tiie required triangle. But if the angle is 
acute, and side B is greater than A, then the arc de- 
scribed from the centre E, with the radius E F = A, 
will cut the side D F at two points, F and H, situated on 



• Theorem XXVILL, Book L, Coi'ollary II. 
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the same aide of D ; theref(»re there will be two triangles 
D£ F, B E H, whkh will equally satiafy the problem. 

Scholium, — The problem woidd be impossible, in all 
cases, if the side B were smaller than the perpendicular 
dropped from E on the line B F. 

PROBLEM VI. 

The Hh/ree 8ide§ A, B, C of a iricmgle being gifoen, to 
describe the triangle. 




Draw D E; equal to the ^" 

side A; from point E as S' 

centre, and with a radius 
equal to the second side B, 
describe an arc. From 
point B as centre, and 
with a radius equal to the 
third side 0, describe an- _ 
other arc that will cut the D E 

first at F. DrawBF, EF, 
and B E F will be the required triangle. 

For the problem to be possible, it is necessary that 
the circumferences described, from the points B and F as 
centres, should intersect. For this to be possible, it is 
necessary that the side B E should be less than the sum 
of the two other sides, and greater than their difference. 

PROBLEM Vn. 

To draw from a given pomt O a perpendicular to a 
given straight line B 0. 



The point O may be on 
the straight line BO, or 
outside the line, but the 
perpendicular is construct- 
ed in the same way in both 
cases. 

For let two points 
B, be determined on 
the straight line BO, and 
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equally distant from point 
O, by describing from that 
point as centre an arc of a 
circle^ which cuts the line 
BC. 

From these two points 
B, as centres, and with 
the same radius, which 
must be greater than half 
the distance B 0, describe 
two arcs of a circle inter- 
secting at point D, and then draw the straight line O D. 

This line is perpendicular to the straight line B 0, as 
it has two points O, D equally distant from the ex- 
tremities of BO;* it is therefore the required per- 
pendicular. 




PROBLEM VIII. 

To draw from a given poiiU O a parallel to a given 
straight line M N. 



Igt SoliUion. — From the 
given point O draw a straight 
Bne OB, which cuts the 
given straight line MN at 
any point A, and make on 
O B the angle A O P, equal 
to the angle NAO.f The 
straight line Q P is parallel 
to M N ; for these two lines 
make with the secant OA 
two equal alternate internal 
angles AOP,N A O. 



2nd Solution, — Draw successively through point O 
the perpendicular O on M N, and the perpendicular 




* Theorem XV., Book I. 



t Problem I., Book II. 
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OPonOC. Thestraight 
line OP is parallel to 
M N, for these two lines 
are both perpendicular 
to the same straight line 
00. 

The operation is 
greatly abridged by 
making use of the in- 
struments named square 
and protractor. 





:j<^ 



D 



PROBLEM rX. 

To divide a given arc or cmgle into two equal parts. 

1. If it is wished to diyide 
the arc AB in two equal 
parts, from the points A and 
B as centres, and with the 
same radius, describe two arcs 
intersecting at D. Through 
point D and the centre draw 
CD, which will cut the arc 
A B in two equal parts at the 
point E. 

For the two first points 
and D are both equally distant from the extremities 
A and B of the chord A B ; therefore the line D is 
perpendicular on the middle of this chord ; therefore it 
diyides the arc A B in two equal points at the point E. 

2. If it is necessary to 
diyide into two equal parts 
the angle A B, begin by 
describing from iJie simmiit 
C, as centre, the arc A B, 
and the rest of the construc- 
tion as has been just said. 
It is eyident that the line 
D will divide the angle 
A C B into two equal parts. 
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SchoUwin. — It ig possible by the same construction to 
divide each of the halves A E, E B into two equal parts ; 
and thus, by successive subdivisions, a given arc or 
angle can be divided into four, eight, sixteen and more 
«qual parts. 



PROBLEM X. 

To find the centre of a given ci/rde or arc. 

Take, at option, in the 
circumference, or in the arc, 
three points A, B, ; join 
AB and BO, or imagine 
them joined. Divide these 
two lines into two equal parts 
hj the perpendiculars DE, 
l^Qc ; then point O, where 
those perpendiculars meet, 
will be the required centre.* 

Scholium, — The same construction is used to make a 
circumference pass through three given points A, B, 0, 
and also to describe a circumference in which the given 
triangle ABO shall be inscribed. 




PROBLEM XL 

Hiroiigh a gvoen povnt to draw a tangent to a given circle. 

If the given point A is on the circumference, draw 
the radius A, and draw A D perpendicular to A ; 
A D will be the required tangent. 



* Theorem VI., Book«II., and Corollary, Theorem V., Book II. 
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If point A is outside 
the circle, join point A and 
the centre by the straight 
line C A ; divide C A into 
two parts equally at point 
O. Then from point O as 
centre, and with the radins 
OC, describe a circum- 
ference, which will cut the 
given circumference at 
point B. Draw AB, and 
AB will be the required 
tangent. 

For in drawing C B, the 
angle C B A, inscribed in a 
semicircle, is a right angle ; 
therefore A B is perpen- 
dicular to the extremity of 
the radius B ; therefore 
it is a tangent. 

Scholium, — The point A 
being out of the circle, it 
is perceived that there are 
always two equal tangents 
A B, AD, which pass 
through the point A. They are equal because the right- 
angled triangles B A, D A have the hypothenuse A 
common, and the side C B = CD; therefore A D = 
A B, and angle C A D is also equal to A B. 




PROBLEM XII. 

To inscribe a circle in a giveti tricmgle ABC. 

Draw the bisectors * A O, B O of the angles A and 
B ; these straight lines will intersect at a point O, which 
will be equally distant from the three sides AB, A C, BC. 



* The term "bisector of an angle is given to the straight line 
that divides this angle into two eqnal 'parts. — See Theorem 
XVIII., Book I., Note, 
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If, therefore, from that 
point the perpendiculars 
OD, OF, OE be let drop 
on the sides of the triangle, 
these perpendiculars will be 
equal, and the circumference 
described from the point O 
as centre, with O D as radius, 
will be a tangent to the three sides. 

Bemark I. — Point being equally distant from the 
sides B C, AC, belongs to the bisector of the angle C ; 
therefore the three bisectors of the angles of a triangle meet 
in one and the same point. 

Remark IL — K the bisectors 
of the two exterior angles M B C, 
B C N be drawn, the point of 
meeting O' will be the centre of 
a circle tangent to the side B 0, 
and to the prolongations of the 
other side. 

In the same manner, the 
centres O", O'" of the two other 
circumferences tangent to one of 
the sides of the triangle and to the prolongations of the 
two others can be found. 

Therefore there are in general four circumferences 
tangent to three given straight lines. 



PROBLEM Xm. 

To describe a ta/ngent common to two circumferences. 

The circles can touch the same straight line on the 
same side, or on opposite sides of the line. In the first 
case the common tangent is exterior to the two circles ; 
in the second case, it is interior. 

1. Let us suppose the problem solved, and let A A' 
be a common tangent, exterior to the two circumferences. 
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Let us draw the radii C A, C A' to the points of contact, 
and the straight line C B parallel to A A'. The radii 
C A, C A' being perpendicular to A A', -will be also per- 
pendicular to the straight line C B ; this latter line will 
therefore be a tangent to a circumference described from 
point C as centre, with a radius C B equal to C A — C A'. 

The following construction is deduced from the fore- 
going reasoning : — ^Describe a circumference from the 
point C as centre, with a radius equal to C A — C A', and 
through the point C draw a tangent to this circumference. 
Knowing the point B, draw the line C B A, the line C A' 
parallel to C A, and join A A'. 

The construction shows that there are two solutions of 
the problem, since by the point C two tangents can be 
drawn to the circumference CB, and it is evident that 

the problem is only possible when C C ^ C A — C A', 

or, in other terms^ when the circimif erences are not interior 
to each other. 




2. Let it be proposed to draw a common tangent 
interior to two circumferences, of which the radii are 
C A and C M, and let A MC be the line sought for. Then 
draw C A, C M' to the points of contact, and the straight 
line C B perpendicular to A M'. The straight line A M' 
being perpendicular to the radii C A, C M', C B, will be 
perpendicular to the same straight lines ; it will therefore 
be tangent to a circumference described from the point C 
as centre, with a radius C B equal to CA + AB, orCA 
+ C'M'. 
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To solve the problem, a 
circumference will be de- 
scribed, haying its centre at 
C, and of which the radius 
is the sum of the radii of 
the two given circumferences. 
A tangent 0^ B will be drawn 
through C to this circum- 
ference, and the remainder 
of the construction will be 
completed as in the preced- 
ing case. 

This problem has also two solutions ; and it is only 
possible if C C ^ C A -I- CM, that is, if the circum- 
ferences are exterior, or tangent externally. 

It follows from this (1), that two exterior and two 
interior tangents can be <Lrawn to two circles that are 
exterior to each other. 

(2.) Two circles that 
touch externally have two 
common exterior tangents 
and only one interior tan- 
gent, which is perpen- 
dicular to the straight 
line joining the censes 
of the circles. 

(3.) If the circles in- 
tersect, they have only 
two common tangents, 
and these are exterior. 

(4.) Two circles which 
touch internally have only 
one common tangent; it 
is exterior to the two 
circles and perpendicular to the straight line joining 
their centres. 

(6.) Two circles interior to each other have no 
common tangent. 
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PROBLEM XIV. 

To describe on a straight line A B a segment of a circle^ 
capable * of a given angle K. 

Make at the extremity 
B of the given straight line 
AB the angle ABE equal 
to the siven angle K. l4ien 
raise ute perpendicular D 
in the middle of AB, and 
draw from point B the per- 
pendicular B D on the line 
BE. The two lines CD, 
BD intersect at point D. 
From this point D, as 
centre, describe a circle 
with the radius DB; then the segment A MB, which 
is not on the same side of the straight line A B as the 
angle ABE, is the required segment. For the angle 
A MB, inscribed in this segment, has for measure the 
half of arc A B included between its sides. 

But the given angle ABE, of which the side BE 
perpendicular to the radius B D is tangent to the circle, 
has also for its measure half of the same arc A B ; f there- 
fore the angle A M B is equal to the angle ABE, and 
the B^ment A M B is capable of the given angle. 



* This term — ^used in French treatises — explains itself, if 
traced to its Latin root, capaa, holding, a segment capable of 
an angle = a segment holding an angle. Todhunter uses the 
term, "containing a given angle.*' — Prop. 34, Book III., 
p. 107, School Euclid, Ed. 1867. 

t Theorem XIX., Book II. 
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DEFINITIONS. 



53. A straight line A B is said to be divided at point 
into two parts A C^ B^ proportional to two given 

C B D 



numbers, which can always be supposed to be whole 
numbers, such as 5 and 3, when the ratio of AC to 
C B is equal to the ratio of 5 to 3.* 



* This is the place to consider Tiormonics, recently intro- 
duced in French geometry. 

Three numbers are said to form a harmonic proportion 
when the ratio of the excess of the first over the second to 
the excess of the second over the third is equal to the ratio of 
the first to the third. The second number has received the 
name of ha/rmonic mean. 

The term has resulted from the fact that to make a musi. 
eal chord give out the three sounds uty mi, sol, which form a 
perfect accord, three parts must be made to vibrate, pro- 
portional to the numbers 1, \, f, which gives rise to the har- 
monic proportion : — 

1-* 



T^r^ 



One of the most important of the harmonio proportions is 
the following : .If three numbers a, h, care in harmonic propor- 
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There is only one manner of dividing the line AB 
into two paxts AC, C B, which are proportional to two 
given numbers 5 and 3. For to effect this division, it is 
necessary to divide A B into 5 4* 3, or eight equal parts, 
and take for A C the first five eights, starting from the 
extremity A, and for C B the three other eights, that is, 
the remainder of A B. 

The inquiry to find point amounts to finding on the 
straight line A B a point of which the distances to points 
A and B are proportional to the numbers 5 and 3. 

Presented in these terms, the question is susceptible 
of a second solution ; for if the distance A B is divided into 
5 — 3, or two equal parts, and if on the part of A B pro- 
duced, a length B D be taken equal to three times one of 
these parts, the straight line A D contains then 2 4~ 3, or 
five times the same part, and the ratio of the distances 
D A, D B from point D to the extremities A, B of the 
straight line BA is equal to that of the two numbers 5 



tiun, the inverse . of the harmonic mean b is equal to the arith- 

^ 11 

metical mean of the inverse quantities _ _ of the two other 

Of c 

a — h o> 

numbers a, c. For the proportion , = - gives a c — he 

— c c 

= ah — ac, and 2 ac =ah + he. Dividing both numbers 

1 a. In ^, 

of the last equality by 2 ab c,this gives "T = i a C'' * 

demonstration of the theorem. 

K. Chasles calls the a^ha/rmonUc ratio of four points a, b, 
c, df situated in a straight line a h c d the number 

ac ad , J. 

,— ' ,— ,» which is obtained by dividinor the ratio of the dis- 
h c h d 

tances of any one point, such as c, from two of the other 

points, for example a and b, by the ratio of the distances of 

the fourth point d from the two preceding points a and b. 

This subject of harmonics, giving a new treatment of 

questions related to Euclid's 5th Book, is reserved in France 

for superior geometry, and we only give this as a specimen 

of the new and interesting treatment of this question abroad. 
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and 3. Consequently point D satisfies the statement of 
the problem. 

It is important to remark that point D is at the right 
of point A, because the given ratio is greater than imity^ 
and it would be to the left if the ratio were less than 
unity. It is commonly said that points and D divide 
the straight line A B into proportional segments^ and these 
points are styled conju^te * points. 

The points A and B divide reciprocally the straight 
line D in two proportional segments ; for from the 

«q-lity ^^ = S-t «»« foUo'i-g « -dently deduced : 

-r-=r = :^-=:j which proves the reciprocity in the state- 
ment. 

54. When a straight C (J 

line AB is divided by 'r * * * T 

a point C into parts ^ 

proportional to two 

numbers, such as 5 and 3^ if on A B a length A 0^ equal 

to OB be taken, the distances O'B, AO are equal to 

each other, and point (7 divides AB into two parts 

AO, O^B, inversely proportional to the numbers 5 and 

AO' . AO 

3, for their ratio ^r^r^ is the inverse of the ratio jt-;;* 

BO^ JdO 

which is equal to |. 



• Prom the Latin conjungo, to join, oonnect, and conjugo, 
to join together and miite. Points conjuguSs (conjugate points) 
are terms adopted by Amiot in his EUments de 04om^trie, 
p. 84, and Lemons Nouvelles, part i., p. 142. 
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THEOREM I. 

Every straight line pardUel to one of the sides of a 
tria/ngle divides the two other sides into proportional pa/rts. 

Draw the straight line DE 
parallel to the side BO of the 
triangle ABO; to prove that 
this line, which meets the two 
other sides A B, A at the points 
D and E, divides them into pro- 
portional parts^ let the ratio of 
AD to D B be supposed equal 
to f . The straight lines A D, D B 
have therefore a common mea- 
sure AF^ contained three times 
in AD and twice in BD. 

Let F, G, D, H be the points which divide the side 
A B into 3 + 2, or five parts equal to A F. 

Draw through these points the straight lines FK, 
G L, D E, H M, parallel to B 0. Then these lines divide 
side A into five equal parts. 

For from one of the points of division of AB — ^for 
example^ from point G — draw the straight Une GO 
parallel to A 0. The triangles A F K, D G O are equal, 
for their sides A F, G D are equal by hypothesis, and their 
angles F A K, D G O are equsd as corresponding angles as 
well as A F K, G D O ; consequently the sides A fe, G O 
of these triangles are equal. But the quadrilateral 
G O E L is a parallelogram ; therefore the side G O is 
equal to the side E L opposite to it, and the two 
divisions A K, E L of the straight line A are equaL 

It could be proved in the same manner that A K is 
equal to each of the other divisions of A 0. From this 
it follows that the length A K is a common measure of 
the two straight lines AE, E 0, and that it is contained 
three times in A E, and twice in E 0. Therefore the ratio 
of A E to E is equal to |, or the ratio A D to D B. 

OoROLLABY I. — The ratio of the side AB to one of 
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its parts — for example^ to A D — \a equal to the ratio of the 
side A to its parts A E, which corresponds to A D. 

For, according to the preceding hypothesis, each of 
these two ratios is equal to \. 

Corollary II. — The segments of two straight lines 
A B, C D determined by several parallels A 0, E F, G H, 
BD, etc., are proportional. 







For, let O be the point 
of intersection of the two 
straight lines A B, D ; in 
the triangle O E F, the line 
AC, being parallel to the 
base E F, wUl give the pro- 

OE AE 
portions 5^ = 5y- 

In the triangle O G H, a 
similar proportion will be determined : 




OE _ GE 



OF FH 

Therefore, on account of the common ratio : — 

AE ^ GE 

CF FH' 

G E B G 

It could be proved in like manner that = . 

therefore, etc. FH HD' 



THEOREM II. 

Every straight line DE which divides two sides AB, 
AC of a triangle ABC into proportional paHs, is 
pa/raUel to the third side B C. 



' Let D, E be the points where the straight line D E 
meets the sides A B, AC of the triangle ABC. Let the 
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ratio of A D to D B be supposed 
equal to that of AE to EO. Then 
the straight line D E is parallel to 
the third side B of the triangle. 
For the parallel drawn through 
the point D to the straight line 
B diyides the side A into two 
parts proportional to AD and D B ; 
therefore this line passes through 
the point E, and coincides with 
D E^ since there is only one man- 
ner of dividing AG, beginning from point A^ into two 
segments proportional to A D and D B. 
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The bisector AD of the angle A of the triangle ABC 
dimdes the hose B itUo two segments B D^ D 0^ proportional 
to the two sides AB a/nd A C. 

Through point C draw 
CE parallel to AD until it 
meets the prolongation of 
BA at E. In the triangle 
BO E, the line A D is paral- 
lel to the base OE. This 
gives the proportion : — 
BD AB 

DO "^ AE 

But the triangle A E is isosceles ; for because of the 
parallels AD, CE, the angle ACE = DAC, and the 
angle AEG = BAD. But by hypothesis DAC = 
DAB; therefore the angle ACE = A E 0, and there- 
fore A E = A 0. 

Therefore, substituting A in the place of A E in the 

B D A B 

preceding proportion, this gives : = 

6 ^ ^ , ,, DO AC 
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THEOREM IV. 

The bisector of an angle exterior to a triangle cuts the. 
opposite side at a point from which, the distances to the 
extremities of this side are proportional to the adjaceivt sides. 



Draw C G parallel to 
A F. In the triangle 

'FC AG 

It can be shown, as in 
the last proposition, that 
the triangle AGO is isos- 
celes ; for angle A C G 
= F A C as alternate in- 
ternal, and angle AGO 
= E A F as correspond- 
ing angles. But angles FAG and E A F are equal 
(hypothesis), therefore AGO = A C G. Then sides A G, 

BF AB 
A C are equal, and Yc " AC' 




CoROLLAHY. — If the point A moves in the plane 
so that the ratio A B to AC remains constantly equal 



m 



to -y the bisectors of the angles BAG, E A will 



n 



pass always by the points D and F, and, since the ratios 

BD BF , . 1 X wi 
— , must remain equal to — 

DG"CF n 

Moreover, the straight lines AD, A F, bisectors of the 
two adjacent angles, are perpendicular to each other. 
Therefore the point A, in all its positions, will be on the 
circumference described on FD as diameter. Hence, 
the geometrical locus of the points of which the distances to 
two points, B and C, are in given ratio, is the circumference 
of a circle, +. 
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THEOREM V. 



If a straigtit line A B is divided into proportional segments 
by two points D, E, the half of this line is a mean proportional 
between the distance from its centre M to the two conjugate 
points D, E, and reciprocally. 

The hypothesis gives D 

AE BE ^^^^ .,. -* 1 — • • 

— = • Irom this, a M Ti E 

AD BD A M i5 

by a known property of two ratios, may be deduced : 
AE -f BE _ AE - BE 

AD +BD "" AE - BD 

Now, the sum A E + B E is equal to the double of 
ME, because point M is the centre of AB. In like 
maimer, AD + BD is equal to twice MB, AE - BE 
is equal to 2 MB, and AD - BD is equal to 2 ME. 
Consequently, if the two terms of each ratio of the pre- 
ceding equality be divided by two, this gives the new 

equality: = , which proves the statement of 

^ "^ MB MD' 

the theorem. 

Reciprocally. — If the half of a straight line A B is a 
mean proportional between the distances from the middle 
M of this line to two points D, E, taken on its direction 
on the same side of point M, then points D, E divide 
the straighter line A B into proportional segments. 

For, on applying to the equality given by the hypo. 

. ME MB, , _x r X , X. 

thesis :r;r- = jrr-r the property of two equal ratios, 

^^ ^^ . AE BE 

previously employed, the result is : r-j. = ^pT\' 

Consequently, points D and E divide A B into pro- 
portional segments. 
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DEFINITIONS. 

55. Two triangles are called similar when ihey have 
equal angles and their homologous* sides proportionaL 
The term homologous sides means those sides opposite the 
equal angles^ each to each. Similar polygons are those 
which have their angles equal, each to each, and their 
homologous sides proportional; the term homologous 
sides applying to those which are adjacent to the equal 
angles. 

56. The term ratio of Hmtlitude of two polygons is 
given to the constant ratio of two homologous sides. When 
this ratio is equal to unity, the two polygons are equal ; 
for they can be made to coincide by superposition, since 
they have all their parts (sides and angles) equal^ each to 
each, and disposed in the same order. 

THEOREM VL 

Cutting a triangle by a parallel to one of vts aides, a 
second i/riangle is determined, similar to the first. 

Let the straight line DE be 

parallel to the side BO of the 
triangle ABO. Then the triangle 
ADE is similar to the triangle 
ABO. 

For these triangles have the 
angle A common ; their angles 
ABO, ADE are equal as corres- 
ponding angles in relation to the 
parallels BO, DE, and the same is the case with the 
two angles AOB, AED. 

Moreover, the straight line D E being parallel to B 0, 
■ ' " < ' ■ ■• 

* Homologous, from the Greek dfioios, like or similar, x6yos, 
word or reason. 

Two straight lines situated in the plane of two similar 
polygons are called homologims, when their extremities are 
two by two, homologous points; saoh are, for example, the 
diagonals in relation to homologous summits or vertices. 
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the ratio of A D to A B is equal to that of A E to A C* 
To pro 76 that this latter ratio is equal to that of D E 
to BC, draw from E the straight Hne EF, parallel to 
the side A B. This line E F divides the two other sides 
AC, B C into proportional segments, and the ratio of 
AE to ACis equal the ratio BF to BC,or that of DE 
to B C, since the lines B F and D E are equal as opposite 
sides of the parallelogram B D E F. The triangles A D E,' 
ABC have therefore their angles equal, each to each, 
and their homologous sides proportional ; that is^ they 
are similar. 

THEOREM Vn. 

Two equiangvla/r tricmgles ha/oe the homologaus ddes pro- 
portional. 

Let AB q, D E F be two 
triangles having their angles 
equal, each to each, namely, 
A = D, B = E, = F. 
Then the homologous sides 
will be proportional, thus 
. . AB ^ AC BO 

gl vmg J) TO ^ T) "p ™ EF' 

TakeA G = DE, AH = DF, and join GH; the 
triangles A G H, D E F will be equal, as having an equal 
ancle included between equal sides. Therefore the angle 
A G H will be equal to the angle E. But angle E = B 
therefore angle B « A G H ; therefore G H is parallei 

to B 0, and this gives the proportion : r^r = • 

AG AH 
Next, draw H L parallel to A B ; givinxr the nro- 
AO BO AO Bo' 

portion:^^=_, or -^ = ^^; for the straight 

lines BL, GH are equal as parallels included between 
parallels, t 




• Theorem I., Book HI. 

t Theoram XXXT., GoroUazy I., Book L 
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Comparing the last proportion to the previoiu one^ 
it can be deduced by the common ratio^ that : — 

AB ^ AC BO^ ^j. AB AC BO^ 

AG ~ AH "" GH DE '^ DF - EF 

CoBOLLABT. — For two triangles to be similar, it is 
sufficient that they have two angles equal, each to each, 
for then the third will be equal in both^ and the two 
triangles will be equi-angular. 
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Tvio triangles wMch have cm equal angle vMH/uded hetween 
proportional Bides a/re similar. 

Let the angle A = D, and 
let it be supposed that 
AB ^ AC, 

DE " DF 

Then the triangle ABC 
is similar to D E F. 

Take AG = DE, and 
draw GH parallel to BC, 
Then angle AGH will be equal to ABC,* and tri- 
angle AGH will be equi-angular with triangle ABC. 

AB -AC 

Thisgives:^- - ^. 

But by the hypothesis = , and by the con- 

^ ^ DE DF ^ 

struction A G = D E ; therefore A H = D F. Tlie two 
triangles A G H, D E F have therefore an equal angle 
included between equal sides ; therefore they are equal. 
But triangle A G H is similar to A B C ; therefore D E F 
is also similar to A B C. 



• Theorem XXIII. Book I. 
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THEOREM IX. 

7^00 tricmgles which heme ihei/r sides proportional are 
equiro/ngvla/r. 

Let ABC, ahc be 
two triangles which have 
the sides A B, A 0, B 0, 
respectively proportional 
to the sides ah, ac, he; 
then these triangles are 
similar. 

Take on A B a length 
equal to a&, and draw 
through point D the 

straight line DE parallel to BC. Triangles ADE, 
ABC are similar/ and their homologous sides are pro- 
portional But the sides ahc are proportional, by 
hypothesis, to the sides of the triangle ABC; there- 
fore they are also proportional to those of triangle ADE; 
that is, the following equalities may be deduced : — 

ah _^ ac _ he 

AD "" AE " DE' 

But A D is equal to a & ; consequently A E is equal to a c, 
and D E equal to h c. The triangles A D E, a 6 c, which 
have therefore the three sides equal, each to each, are 
equal, and the triangle a 6c is similar to the triangle 
ABC. 

CoBOLLABT. — The three cases of similitude of two 
triangles proved in the three preceding theorems, corres- 
pond with the three cases of equaUty enimciated in 
Book I., Propositions V., VL, and IX 

Scholium I, — The two latter propositions show that in 
the triangles, the equality of the angles is a consequence 
of the proportionality of the sides, and reciprocally, so 
that one of the conditions is sufficient to secure the 
similitude of the triangles. This is not the case with 
figures having more than three sides^ for even in l^e case 

• Theorem VI., Book III. 
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of quadrilaterals, without changing the angles, the pro- 
portion of the sides can be chimged, or witiiout altering 
the sides, the angles can be changed ; thus the propor- 
tionality of the sides cannot be a consequence of the 
equality of the angle, nor vice verad. 

It can be seen, for ex- 
ample, that by drawing EF 
parallel to B 0, the an^es of 
the quadrilateral AEFD 
are equal to those of the 
quadrilateral ABCD, but 
the proportion of the sides 
is different ; in like manner, 
without changing the four 
sides A B, B 0, D, point B 
can be brought near or re- 
moved from I), without changing the angles. 

Scholium 11. — The two foregoing propositions, which 
properly only form one, taken with that of the square on 
the hypothenuse, are the most important and productive 
propositions in geometry ; thev suffice ahnost by them- 
selves for all applications, and the solution of all prob- 
lems ; and this is because all figures can be divided into 
triangles, and every triangle can be divided into two 
right-angled triangles. Thus the general properties of 
triangles contain implicitly those of all figures. 




THEOREM X. 

Two Mangles which have their sides pa/raUd or perpen- 
dicular, ea>ch to each, a/re svimla/r. 

For, let A, B, be the angles of one triangle, A', B', C 
the angles of the other triangle. It is known that two 
angles which have their sides parallel or perpendicular 
are equal or supplementary.* 



• Theorems XXVI. and XXVU., Book I. 



86 EUCLID SIMPLIFIED. 

Therefore only one of these three hypotheses can be 
made. 

l.A+A'= fright 3 ^^2right (.Q,^ 2 right 
angles. angles. ^ angles. 

2. A+A'= 2 „ B+B'=2 „ = Cr 

3. A = A' B = B'^j^^^ 0=0' 

But in the first hypothesis the sum of the angles wonld 
be equal to six right angles. In the second hypothesis, 
this sum would be superior to four right angles. There- 
fore the third is the only admissible hypothesis ; there- 
fore the triangles are equi-angular and similar. 

BemarJe. — ^The homologous sides of the two triangles 
are the parallel or perpendicular sides. 



THEOREM XI. 

The lines AF, A G, drawn as man/ he wished through 
the sy/mmU of a triangle, dvmde the hose B amd itsparaMd 

D E proportionally, so as to gvoe : =—- = = , etc. 

^ ^ ^' ^ BFFG GH 

For, since D I is parallel to 
BF, the triangle ADI is 
equi-angular with A B F ; and 
tlus gives the proportion : — 
PI AI 

BF - AF 

In the same manner, I K 
being parallel to F G, it fol- 
lows that — — ^ __- ; there- 

AF F G . _ . . _ 

fore, on account of the conunon ratio, ^^ = -^rr 

T xr IT T 

It would be found in like manner that ,^r7r = tt^ 

]} fjT U-rL 

etc. ; therefore the line D E is divided at the points I, K 

L, as the base B is divided at the points F, G, H. 
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THEOREM Xn. 

Two simiUMT polygons can he decomposed into the same 
mimher of trUmgles, avmUcvr each to each, amd simUa/rly 
placed. 

Let there be two similar polygons A B D E, A' B' C" 
D' E'. From tiieir homologous summits draw the homo- 
logous diagonals A C^ A' C, A D^ A' D', etc. These lines 
decompose the polygons into the same niunber of triangles 
similarly placed. Then these triangles are similar^ two by 
two. 

B 





1. The triangles A B C, A' B' C have their angles 
B^ B' equal by hypothesis^ and included between pro- 
portional sides ; for it results from the similitude of the 
two polygons that the ratio of A B to A' B' is equal to 
that of B to B' Q\ Therefore these two triangles ABO 
and A^ B^ 0^ are similar. 

2. The triangles AOD^ A^O'D' are also similar^ 
because thev have an equal angle included between pro^ 
portional sides. For the angle A D is the difference of 
the two angles B D^ B A. But angle B D is equal to 
B'O'D' by hypothesis, and angle BOA is equal to 
B' 0' A', because thev are homologues in the similar 
triangles A B 0, A' BO' ; therefore angle A D is equal 
to the difference of the two angles B'O' D', B' 0' A', that 
is, to angle A' 0' D'. 

Moreover, the ratio of A to A! Q' is equal to the 
ratio of B to B' 0', because of the similarity of the 
triangles A B 0, A' B' 0' ; and the ratio of B to B' 0' is 
equal, by hypothesis, to that of D to 0' D' ; therefore 



88 



EUGLJOD SIMPLIFIED. 



the Bides A C, A' C are proportional to the sides D, C IX. 
Consequently the triangles ACD, A'O'iy are simUar. 





3. It would be possible to prove in like manner the 
similitude of the other triangles. Therefore the polygons 
A B C D E, A' B' C ly E' are decomposed into the same 
number of triangles^ similar each to each^ and similarly 
placed. 

CoBOLLASY. — The homologous diagonals of two similar 
polygoTis a/re proportional to the homologous sides. 



THEOREM Xni. 

BeciprocaUy, two polygons ABODE, abode, com- 
posed (as has been previously seen) of the same n/umber of 
si/mUar tria/ngles, simila/rly pla/ced, have thevr angles equaly 
each to each, omd iJiei/r homologous sides proporHonal; and 
consequently they are simila/r. 

For the similitude of the triangles A B 0^ abc gives 
the angle ABO = abc, and the angle BO A = bca; the 





similitude of the triangles A D, acd gives the angle 
A D = acd, from which it is concluded that B D = 
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hcdy and bo on. Moreover, on account of the similitude 
of tibe same triangle^ the following series of equalities 





AB 

will result : — r 

a 

DE AE 

-~7- = — . Therefore the two polygons have also their 

homologous sides proportional, and are similar. 



THEOREM XIV. 

The perimeters * of two simUa/r polygons wre proportional 
to the homologous sides. 

Let ABCDE,a6cdc,be two similar polygons. Then, 
by the very definition of similar polygons, the following 

<2> 



D 

equalities ensue :- 




AB 



BO 




EA 



ah he .cd d e e a 

But when there is a succession of equal ratios, the 
ratio of the sum of the numerators to the sum of the 

* Perimeter, a word of Greek deriyation, meaning ontline: 
ircp^ aronnd, /t^rpov, measure. 

Perimeter is incorrectly identified with circumference. The 
formei appUes to rectilinear, the latter to curvilinear figures. 
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denominators ia equal to any of the given ratios. 
Therefore ; — 

AB + BO + OD + DE + EA _ AB 

ah + bc + cd+de+€a~ ah 



THEOREM XV. 

If omy pomt o he joined to the a/wmmit of a polygon 
ahede, amd ifonihe straight lines oa, oh, oc, . or their 
proUmgatums, points a', 6', c, he taken, so that, 



oa 



OCT 



= r, 



_ = — = — 
oa oh oc 

r hemg a given mmber; then the polygon a' h' e' d' e' vM 
he wmila/r to polygon ahcde. 

Suppose, first, that points 
a', &', <r are on the straight 
lines oa, oh, oc; then tri- 
angles oah, oa! V, having 
an equal angle between two 
proportional sides, are simi- 
lar, and their homologous 
angles oah,oa!V are equaL 
Now, these angles are corres- 
ponding in relation to the 
two straight lines a h, a' h\ 
and to the secant oa; there- 
fore the straight line a' V is 
parallel to ah and in the 
same direction ; and this 

a' y a' 

gives ; — ; = — ==**• 
® a h oa 

It could be proved in like manner that the straight 
lines V c', <f d', etc., are respectively parallel to the 
straight lines he, cd\ etc., and in the same direction, 
6 V </ d' 




and that 



= r, 



-d = '' 



etc. 



he ' c - 

The angles ahc, a^ V <f are equal because they have 
their sides parallel and directed, two and two, in the 
same direction ; the same thing is the case with the 
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angles hcd^ V d df, etc. Therefore the polygons ahcde, 
a b' c' d' e'y which have their angles equal, each to each^ 
and their homologous sides proportional, are similar. 

If the points a', 6', c' . . . were on the prolongations of 
the straight lines oay oh, oc ,, , beyond the point o, the 
similitude of the polygons abcde, a'h'c'd fi could be 
proved in like manner ; but their homologous sides would 
bo parallel, and directed in an opposite direction^ instead 
of in the same direction. 

Remark, — When the points a', 5', c' are situated on the 
straight lines oa, oh, oc , , . the polygons abcde, 
a'b'cd'ef are said to be similar ana similarly placed ; 
these latter polygons now described are, on the contrary, 
similar and inversely placed^ if the points a!b' d * • • be 
beyond the point o. 

M. Chasles* gave to this similitude of form and of 
position the name of liomotlietie,\ direct in the former 
case, and inverse in the second case. The point o is the 
centre of similitude, and the straight lines oa, o a' are the 
radii vectors X of the homologous points a, a'y etc. If 
the ratio of similitude r is made to vary from o to oo and 
the position of the centre of similitude, all the polygons 
homothetic to the given polygon abcde will be obtained. 
It is important to remark that when two polygons abc 
d e, a! b' c' d' d are inversely homothetic, they can be made 
direct by causing one of them — for instance, o' b' c' d' e' 
— to turn in its plane round the centre of similitude o of 
an angle of ISO'^ ; for the radii vectors o a', oh',oc' , . . 
are then applied on the homologous radii oayOh,oc, 

• Professor of Superior Geometry at the College de FrancOi 
and one of the first ^oometors of the present age. 

t Homothetie, from 2{^o(or, like, tf^cris, position. 

X Radii vectors or vectores are the straight lines drawn 
from the two foci of an ellipse to any one point of the circum- 
ference of an ellipse. In the symmetrical polygons points a, a' 
correspond to the foci. 

The distances from o to the synunetrical polygons will bo 
constant. 

The reasoning is fnlly developed in Conio Sections, the 
Gowbes usueXles of French mathematicians. 



92 



EUGLID SIMPLIFIED. 



THEOREM XVI. 

Heciprocally, if two dmUa/r polygons ha/ioe iheir homo- 
logous sides paraMelf the straight lines drawn through their 
homologous summits meet in the same point, and the two 
polygons a/re homothetic. 

Let ahcde, a'V d d' e', 
be two similar polygons ; let 
it be supposed that their . 
homologous sides are paral- 
lel and drawn in the same 
direction. Then draw the 
straight lines a a', h V , 
which meet at point o, and 
it is inferred that the straight 
lines cd y d d' , , , pass 
through that point. To 
prove this, let point o be 
joined successively to the 
two points c, c'. Then tri- 
angles oah, oa! V are 
similar, on account of the 
•parallelism of the two 
straight lines a h, a' &'.* Tri- 
angles ohc, oh' d are also 
similar, because they have an equal angle included be- 
tween two proportional sides. t For angle o\>c is the 
difference of the two angles ahe, aho ; but angle ahcis 
equal to angle a' V c by hypothesis, and the angle a fc o is 
equal to. a'6'o, because they are homologues in the 
similar triangles oah, oa' h' ; therefore the angle o & c is 
equal to the difference of the angles a' h' c', a' V o — that is 
to say, the angle o h' c'. 

Moreover the ratio of & o to &'o is equal to that of a 6 
to a' b', on accoimt of the similitude of the two triangles 
oah, oa' h', and the ratio of a 6 to a' h' is equal by 
hypothesis to that of & c to h' c' ; therefore the sides h o, 
h' o' are proportional to the sides hc,h'c'; consequently 




•The orem VI., Book III. f Theorem VIII., Book III. 
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the iriangleB ohc, ol/<^, are similar, and the angle hocia 
equal to its homologue &' o c' ; the straight line o d co- 
incides, therefore, with the straight line o c — ^that is, the 
straight line c d passes by the point o. It could be proved 
in like manner that the straight line d df passes by that 
point, etc. 

The demonstration would be the same, if the homo^ 
logons sides of the two polygons were turned in opposite 
directions. 



THEOREM XVn. 



In two ctrdes, 1st, fhe straight linn which join the 
extremities of pardUel radii in the same direction pass 
through the same point, named direct cenb'e of similitude. 

2nd, the straight lines which join the extremities of 
parallel radii tv/med in opposite directions pass also through 
the same point, named inverse centre of similitude, 

L Let c, c' be the 
centres of two circles. Then 
draw in the same direction 
the parallel radii ca, da', 
and draw the straight line 
a a\ of which the prolonga- 
tion cuts the straight luxe 
d at point o. The triangles 
oac, oafd are similar, and 

oc ca 

give -,= -7; 

od da 

The position of point o 
on the straight line c d only 
depending on the ratio of the 
radii c a, d a', and not at all 
on their direction, it is in- 
ferred that straight lines, 

such as a a', which join the extremity of parallel straight 
lines in the same direction, meet at a point 0; uiis 
point is named the direct cenire of similitude in the two 
circles c a, d a', 4_ 
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2. Let the parallel radii ca, cd' be drawn in opposite 
directions, and the straight line a d' meeting c </ at point 
o\ From the similitude " of the triangles (/ac^o'd'c' 

results the proportion : -r-, =-7-7- 

oc cd 

Consequently, the position of point only depends on 

the ratio of the radii of the two circles, and the straight 

lines which join the extremities of parallel radii, directed 

in opposite directions, meet at this point, which is named 

inverne centre of similitttde. 

Remark I. — The construction of the two centres of 
similitude results from the preceding demonstration. 

Bemark II, — ^The previous reasonings can be applied, 
without modification^ to two figures containing carved 
lines. 

Remark HI. — Architects make great use of symmetri- 
cal figures. The facade of a building is generally com- 
posed of two parts, symmetrical in relation to the vertical 
Hne of this facade. The doors, the windows, the cor-, 
nice, the portions of the roof, pediments, trussed beams, 
etc., are also generally composed of symmetrical parts. 
The ornaments used in the decoration of buildings, such 
as socles, volutes, and headings^ are also symmetrical 
figures. 

Remark IV. — ^Printing is nothing else than an in- 
dustrial means of making a figure equal by symmetry to 
another figure. Thus the figure formed by the upper 
surfaces of the printing type is equal by symmetry to the 
impression which they leave on the paper. The same 
thing occurs in the drawing engraved on a plate of copper 
or steel, or traced on a lithographic stone, and with the 
drawing obtained on paper by printing. This is the 
reason why the draughtsman on wood, the engraver, and 
the lithographer must form the lines from right to left, 
in order that in the symmetrical impression obtained on 
paper the words may be arranged from left to right. It 
is also the reason why the type and the letters inscribed 
on plates for printing are reversed. 
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DEFINITIONS. 

B 

57. The term projec- 
tion of a point A on an 
indefinite straiglit line xy 
is given to the foot a of 
the perpendicular drawn • 
from point A on that line. V ^ ax 

If from the extremi- 
ties A and of a straight line A B perpendiculars be 
dropped on an indefinite straight line xy, the distance 
a b &om the projections of A and B is the projection of 
the l%7^ A B on a; y. 

58. To simplify the enunciations of the following 
theorems^ the term product of two lines will be given to 
the product of two numbers which express the magnitude 
of those lines, measured with the same unity. The term 
square of a line will be given to the second power of the 
number which expresses the measure of that line. 

59. When four numbers A, B, 0^ D ftre such that the 

A 

ratio - of the first to the second is equal to the ratio fr 

B ij 

of the third to the fourth, it is said that the last D of 

these numbers is a fourth proportional to the three others 

A, B, 0. 

If two mean numbers 0, B are equal^ the equality 

— =- becomes: =- = -, and the fourth term D takes the 
B D B D 

name of third proportioTial to the two numbers A, B. In 
this case the mean number B is the mean proportional 
between the numbers A and D. It results from the pre- 
ceding equality that B* = A X D. 

Therefore the mean proportional B between the num- 
bers A and D is equal to the square root of the product 
of those numbers. 

60. Two straight lines drawn between the sides of an 
angle, or of the angle vertically opposite, are anti-paraU 
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Recipsooally. — ^If through point B, taken on one of 
the sides of angle BAO^ two straight lines BO, BE 
be drawn in the interior of the angle^ such that AB' 
=» AG. A E, these two straight lines are anti-parallel in 
relation to that angle. 



THEOBEM XIX. 

If from the summit A of the right angle of a right-cmgled 
triangle ABQjthe perpendicular AD be dropped on tJie 
hypoihen/use, 1st, eadi, Me of the right angle is a mean pro- 
portional between the h/ypothenuse and its projection on the 
hypoihenuse ; 2ndy the perpendicular AD is a mean propor- 
tional between the two segments BD amd CD of i^ 
\ypothe7vuse, 

For^ first^ the straight lines 
AO^ AD are anti-parallels in 
relation to angle B^ because 
they form a right angle, one 
wiiSi side B A, the other with 
sideBO. This gives : B A« = OB' 
BO.BD. 

The relation A* = B ; D could be proved in 
like manner. 

2. The straight lines A and A D being anti-paraUels 
in relation to angle B, the angles BAD and are 
equal Therefore, if the triangle A D B be applied to 
triangle A D B', by turning it over A D the angle 
B' A D will be equal to 0, and the two straight lines 
AB^ and AG will be anti-parallel in relation to angle 
ADO. This will give AD^ = B'D . CD, or AD« = 
BD.CD. 
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THEOREM XX. 

The ih/ree ndes of a right-cmgUd iricmgU bemg valued in 
n/wmhei'8, hy means of a common tmit, the squa/re of the 
ivwmher which msaav/res the hypothenuae ie equal to the Bum 
of the aquares of the n/umbers which measure the two aides 
of the right amgle. More briefly — 

In every right-a/ngled triangle, the square on the hypothe- 
nuse is equal to the sum of the squares on the two other sides. 

For^ adding the two ratios (Diagram, Theorem XIX) : 
AB« = BO.BD,AC« = EC. CD, 
the result is — 
AB« + A0» = BO (BD + OD), or AB« + AC«= BC». 

OoBOLLABiBS. — By this theorem one of the sides of a 
right-angled triangle can be calculated when the other 
sides are known. 

If the sides h and c of a right angle are known, the 
hypothenuse a results from the for mula — 
a* = 6* + c* whence a = ijb^ + c\ 

If the hypothenuse a and one of 
the sides of the right angle h be 
known, the other side c is found by 
the fo rmula, c * = a* - 6', whence 
c = Va« — 6«. 

It results, moreover, from the 
foregoing proposition, that the ratio 
of the diagonal of a square to the side 
of that square is equal to V2. The diagonal A is, in 
fact, the hypothenuse of a right-angled isosceles triangle 
ABC, in which A C»= AB^ + BO* =2AB«; whence 

^^.2,and^= ^27 
AB2 AB 

Thus the diagonal and the side of a square are two 
straight lines mutually incommensurable, since their 
ratio is an incommensurable number. 
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THEOREM XXI. 




In every tricmgle, ihe square on a tide opposite to an 
a4Mte cmgle is equal to the swm of the squares on the two 
other sides, rnvmis tunce the rectamgle of one of these sides hy 
ihe projeciUm of the second on ihe first. 

Let C be an acute angle in A 

the triangle ABC. Dropping 
a perpenmcular AD on BO, it 
determines the result: AB' = 
A0« + B0« - 2B0 X OD. 

There are two cases : 1st, if 
the perpendicular falls within the 
triangle ABO, this will give B D 
= B — D, and consequently 
BD« = B0« + CD« - 2 BO. 

OD. Adding on both sides AD' and observing that 
the right-angled triangles ABD, ADO give AD' + 
BD« = AB«, and AD« + D0« = A 0«, the result will 
be AB« = B 0« + A0« - 2 B X D. 



Oasb 2. — ^If the perpendictdar 
AD falls outside the triangle 
ABO, this wiUgiveBD = OD 
- BO, and consequently B D' 
= 0D« + B0« - 2 0D X BO. 

Adding to both sides AD', 
the result is the same as in Oase 
1: A B' = B 0' + A0» - 
2B0 X OD. 




D B 
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THEOREM XXn. 

In every ohtuse-cmgled i/riangUy the squa/re of the side 
cppodte to the obtuse omgle is equal to the sum of ^ squa/res 
on the two other sides, phis twice the rectcmgle formed hy one 
of the sides multiplied hy the projection of the second on the 
first. 

Let A B be the side oppo- A 

site to the obtuse angle C in 
the triangle ABO. Draw- 
ing a perpendicular AD to 
BO, produced, it will give 
AB2 = A0»+ B0»+ 2B0 
X D. The perpendicular 
cannot fall within the tri- 
angle ; for if it fell, for example, on E, the triangle 
A E would have at the same time the right angle E 
and the obtuse angle 0, which is impossible ; there- 
fore it falls out side the triangle and gives B D = B 
-l-OD. 

From this it foUows that BD« = B0« + 0D« + 
2 B X D. Adding A D^ to both sides, and making 
the reductions as in Theorem XXL, the conclusion is 
AB« = B0» + A0« + 2B0 x CD. 

8c7u)Uvm. — The right-angled triangle is the only one 
in which the sum of the squares on the two sides is equid 
to the square on the third side. If the angle included by 
these sides is acute, the sum of their squares will be 
greater than the square on the opposite side; if it is 
obtuse, it will be less. 
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THEOREM XXni. 

If fi'om a point A ixfJcen m Hie pUme of a circle, secants 
a/re drawn, the product of the dista/nces from thispomt to the 
tvH) mtersections of each seca/nt with the circumference is 
conskmt. 

Point A may be inside or outside the circle. In both 
cases the demonstration is the same. 

Case I. — Let point E 
be inside the circle. Draw 
chords A C and B D. Then 
the angles ACD, ABD 
inscribed in the same 
segment are equal, and 
therefore the chords AO, 
B D are anti-parallels in re- 
lation to the angle A ED. 
Therefore this ratio gives 
EA . EB = EC . ED. 

Recipbocally. — When two straight lines AB, CD, 
being produced, meet at apoint E, such that it gives 
the ratio E A . E B = E G . ED, the extremities A, B, C, 
D are situated in the same circumference. 

For the given ratio proves that the two straight lines 
A C and B D are anti-parallels in relation to the angle 
A E D. Oonsequently the angles A C D, D B A are equal ; 
and if on the straight line A D there is described a seg- 
ment capable of the angle AOD, the circiunference, 
which passes through the three points A, -0, D, will also 
contain point B. 
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THEOREM XXIV. 

If ih/rcyugh a point outside a circle, a secant a/nd a tcmgent 
he drawn to that ci/rde, the tcmgent is a mean proportwnai 
between the entire seccmt a/nd its exterior part 

Case II. — ^Let E be the exterior point, as in the last 
figure,* and let it be supposed that the secant EDC 

E 





turns round point E till it coincides with the tangent 
E F. Then the entire secant E and its exterior part 
E D will become both equal to the length E F of the 
tangent, and the relation EA.EB = EC.ED, taken 
at its limit, will be the following : E A. E B = E F^. 

Moreover, the demonstration of the general case can 
be applied directly to this particular case. 

Thus, angles EBF, AFE, one inscribed and the 
other formed by a tangent and a secant, have both for 
measmre half the arc AF. (See diagram, p. 104.) 

The equality of these angles proves the anti-parallel- 
ism of the straight lines A F and B F in relation to angle 
E, and therefore leads to the relation E F^ := E A . E B. 



* Theorem XXIII., Book III. 
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Recifrocaixy. — n three £ 

points A, B^ F, ntaated, 
the two former, A and £, on 
one side of angle E, and the 
third, F, on l£e olJier side, 
are such as to give the rela- 
tionEF* = EA . E£, the 
circumference which passes 
by these three points is tan- 
gent at F to side E F. 

For, by (1), the given 
relation proves the anti- 
paraUelism of the straight 
lines A F and BF with r^ard 
to the angle E. The angles 

A F E, E B F are therefore equal ; consequently, if a 
circumference be described passing by A and F, and tan- 
gent at F to the straight line E F, this circumference, by 
the well-known cons&uction of tiie capable angle,* win 
pass by point B. 




/ 



• Problem XTV., Book II. 
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PROBLEMS ON BOOK III. 



PROBLBM I. 

To divide a straight li/ne into a certain rmmher of equal 
parts. 



I I 



C 



Let it be req^uired to 
divide the straight hne A into 
five equal parts. Take on 
the side £0 of any angle 
BOD the length E equal 
to A^ and cany five times f ol- 
lowing on the other side D 
an arbitrary length C F. 

Let G be the fourth point 
of division and H the fifth. 
Then draw the straight line 
E H, to which, through point 
G, draw the parallel G K. 

The straight line G K divides the two sides C E, 
H of the triangle E H into proportional segments, 
since it is parallel to the third side. But the segment 
G H is, by hypothesis, a fifth of the side C H ; therefore 
the segment E K is also a fifth of the side C E, or of 
the stramht line A. 

To <uvide A into five equal parts, it is therefore 
sufficient to carry the length E K five times following on 
that line. 
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PEOBLEM n. 

To dmde a ttrmgkt Wne A into parts proportional to 
given lengths B, C, D. 



On the side E O of any 
angle E R, let the length 
EF be taken equal to A, 
and on the other side E H, 
the lengths EK, KH, HG, 
equal respectively to the 

g'ven lines B, 0^ D. Then 
t the straight line F G be 
drawn, to which parallels 
"ELL, KM are drawn through 
points H and K. 

These parallels divide 
the straight line B F,* or A, 
into segmdnts proportional 
to the fines E K, K H, and 
H G ; that is to say, to the 
given lines B, 0, and D. 



A. 
B- 
C 
D 



E 




A. 
B. 
0- 



PROBLEM III. 

To construct afiywrth proportional to three given straight 
lines A, B, 0. 

On the side DE of any 
angle EDG let the lengths 
D Sj, D F be taken^ equal re- 
spectively to the given lines A 
and B, and on the other side 
the length DG, equal to C. 
Then draw the stnught line 
E G, to which let the parallel 
F H be drawn. 

The straight line DH is 
the fourth proportional re* 




• Theorem I., Book m. 
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quired ; f or F H being parallel to E G, it follows that 

s- JiL . that IS to say, — = 

DF DH ' B DH 

Remark, — If the lines B and were equal, D H would 
be the third proportional to the two lines A and B. 



PROBLEM IV. 

To consiA^act ihe mean proportional between two given 
lines, A atid B. 



A 
B 



Take on an indefinite 
straight line the lengths CB, 
DE, equal respectively to 
the given lines A and B. 
Then describe a semi-circum- 
ference on C E as diameter. 
Next raise at point D a per- 
pendicular to C E, and pro- 
long it to point F, where it 
meets the circumference. 

This perpendicular is the line required, for it is a 
mean proportional between the two segments C D, D E 
of the diameter C E ; that is, between the two given 
lines A and B. 

Remark, — The mean proportional DF between two 
unequal lines CD, D E is less than half their sum M F. 




PROBLEM V. 

To construct the two conjugate points t which divide a 
straight line AB into segments proportional to two given 
lengths, m and n. 

At the extremity A of A B draw any straight 
line AC equal to m, and through the other extremity 



• Theorem II., Book III. f See Defiuition 63, Book III. 



142 EUGLID SIMPLIFIED. 



BOOK V. 

AREAS OF POLYGONS AND OF THE CIRCLE. 

§ I. — ^Akeas of Polygons. 

DIJFmiTIONS. 

64. The term area expresses the extension of a limited 
surface. 

65. To measure areas^ it is usual to take a square as 
unity. It has been already stated that surfaces are 
measured indirectly. 

66. Two areas are equivalerd when they have an equal 
measure and cannot coincide ; they are equal when they 
can coincide. 



THEOREM L 

The ratio of two rectangles A B C D, E F G H, having 
equai bases A B and E F, is the same as that of their height 
A B an(2 E H. 

There are two cases ; for it may happen that the 
heights A D, E H are commensiirable, or they may be 
incommensurable. 
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D 



C 





L 






mm m" 




H G 


























A BE 


F 



1. If the heights AD and EH are commensurable, 
let D I be their common measure, and let it be assimied 
that it is contained 7 times in the height A D, and 3 times 
in the height E H ; the proportion of A D to EH is 
then }. 

Drawing through the points of division, parallels to 
the bases^ the rectangle A B C D will be divided into 7 
partial rectangles, and rectangle E F G H into 3 partitd 
rectangles. All these partial rectangles are equal, because 
they have equal bases * and equal heights, t Therefore, 
each of them is a common measure of the two rectangles 
A B D and E F G H. Consequently, the proportion of 
the two rectangles A B C D and E F G H is also J, — the 
same as that of their height. 

2. If the heights are incommensurable, let one of 
them, for example E H, be supposed to be divided into 
equal parts, and applying one of these parts to the height 
A D from the point A, the last point of division cannot 
fall upon D, because the heights are incommensurable. 
Let I be the last point of division, and let the rectangle 
A B L I be constructed. As the heights A I, E H are 
commensurable, we shall have, according to Oase 1, 

ABLI AI 4 ,, . • , 1 • 1 -r-i XT . 

-^ .p . = -^rfr' As the parts mto which E H is sup- 

posed to be divided may be as small as may be desired, 
point I can approach D as closely as is wished ; therefore 
the rectangle A B C D is the lunit of the variable rect- 



Hypothesis. f Parallels comprised between paraUels. 
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This lecant and its exterior part EF are the two 
lines required. For their difference FG, is equal to 
B 0^ and their product is equal to B £*^ or to A*.* 



TBOBLEM VnL 

To divide a straight line A B in mean amd extreme raHo^ 
that is, to divide it into two pcvrts AC, B C, sack that the 
greater AO is a mean proportional between the other part 
B C and the whole line A B* 

Let it be supposed that the problem is solved. Let 

^ AB AO 
C be the required point. Then : — ^ = "^p- 

BOA 0' 




Applying to this equality a well-known property of 

IX- -x- • r ^xv ^AB + AO AB 
equal ratios, it is infeired that * a p ■ -p r T ~ TTi* 

But the straight line A B is equal to the sum of the 
lines AO, BO; therefore (AB + AO) AO = AB«. 
This new equality shows that to have point 0, two straight 
lines must be constructed, A B + AO, A 0, of which 
the difference is equal to A B^ and the product is equal 
toAB». 

Then on AB, starting from point A, a length must be 
taken equal to the less of these two lines. Hence is ob- 
tained this construction : At point B on the straight line 

• Theorem XXIV., Book IIL 
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A B, let the perpendicular B O be raised, equal to the 
half of A B. From point O as centre, let a circumfer- 
ence be described with radius BO, and let the secant 
AE be drawn through point A and the centre of the 
circle. The entire secant A E and its exterior part A D 
are the two lines, of which the difference is equal to A B 
and the product equal to AB^.* 

Then, taking on A B a length A G equal to the line 
A D, the point C will be determined, dividing A B into 
mean and extreme ratio. 

CoROLLAiiY. — If the length of the straight line A B 
be designated by a, the right-angled triangle A O B gives : 

A 0« =. AB' + B0«. Whence, A0« = a« + 2l = 

4 _ 

But AC = AD - BO; therefore AG = a ^6 

_ 2 " 

a a ( V5 — 1) ; the other segment of the straight line 

2* ~" 2 

^ a(3-^ ). 
2 

Remark, — The preceding problem is only a particular 
case of the following one : On the straight line which 
'passes through two given points A and B, to find a point 
C, such that its distance to point A is a mean proportional 
between its distances to point B and the lin£ A B. 

It is evident that point C, given by the previous con- 
struction, satisfies the conditions of this enunciation. 

But in one of the prolongations of the straight line 
AB there is another point having the same property. 
This point is not to the left of point B, because its 
distance from point A cannot be at the same time 
greater than its distance to point B and also greater than 
AB. Therefore it must be sought to the right of A. 



• Theorem XXIV., Book IIL 
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— = — ^- — ; that IB, — ^- — IS the measmeof the rect- 

angle R. 

ThtrefcTt (he area of a rectangle is equal to the product 
of Us hose by its height, divided hy the second power of the 
iide of the sguare, taken for unity; the three straight lines 
being meamtred with the same arbitrary unity. 

If the side of the square which is taken for unity of 
surface is the linear nni^, then S' = 1 ; and conaequently, 

R 

— = a X &• which is the enunciation of the theorem. 
c 

CoitOLLAKY. — The area of a square is equal to the second 
power of Us side, because the square is a rectangle of 
which the base and height are eqiiaL 



THEOREM IV. 

The a/rea of a pa/ralldogram A B G D is equal to the 
product of Us base by its height. 

At points A and B, raise y I> EC 

the perpendiculars A F, B E 
on A B, till they meet the side 
DO or D produced ; then 
the right -a^led triangles 
ADF and BEO, having the 
hypothenuses A D, B equal, as also the sides A F and 
BE, are equal.* Taking away from the trapezium 
A B F the triangle BEO, there remains the rectangle 
A B E F ; and takmg away from the same trapeziimi the 
trianffle ADF, there remains the parallelogram AB D. 
But if you take awav equal quantities from the same 
quantity, the remainaers are equal ; therefore the rect- 
angle ABEF is equivalent to the parallelogram 
ABOD.t 



• Theorem VI., Book I. f Definition 15. 
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Then the triangle ah c is 
similar to the triangle ABO* 
because they have two angles 
equal, each to each. 




2. Let it be proposed to 
construct on the straight Une 
d e a, polygon similar to the 
polygon DEFGH. Let it be 
supposed that this line is homo- 
logous to the side D E, and let 
the polygon DEFGH be de- 
composed into triangles by 
drawing the diagonals S F, D G 
from the summit D. 

Then on de let the triangle 
def be constructed similar to 
the triangle DEF, and after- 
wards, on df, triangle dfg 
similar to triangle DFG, and 
lastly, on dg, triangle dgh 
similar to triangle DGH. 





Then the polygon defgh is similar to the polygon 
DEFGH, for they are composed of the same number 
of similar triangles similarly placed, f 



Theorem YIII., Book itl. f Theorem XIIL, Book III. 
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PROBLEM X. 

To draw a tangent common to two circles. 

Determine the centres of similitude O, O' of the two 
circles, by dividing the distance of their centres into 
segments proportional to the radii OA, C'B. 

Next draw through both points O, O' the tangents to 
the circle C. 



These straight lines will also 
touch the other circle C; for the 
points E, E' at which one of these 
straight lines — for example, tan- 
gent O E — meets the two circum- 
ferences being homologous, the 
radii E, C'E' are parallel, and 
the straight line OE, which is 
perpendicular on CE by hypo- 
thesis, is also perpendicular on 
CE'. Therefore the two circles 
0, C have the same tangent. 

The same demonstration could 
be used for the other straight 
lines. 

Scholium. — This problem has 
four solutions when the two 
circles are exterior to each other, 
because the two centres of simili- 
tude O, (y are in that case ex- 
terior to circle 0. There are 
two solutions when the circles 
touch externally, two when they 

are secants, and only one if they toach internally. These 
results are identical with those previously determined.* 




• Theorems XII., XIV. and XV., Book 11. 
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BOOK IV. 

REGULAR POLYGONS AND THE CIRCUM- 
FERENCE OF THE CIRCLE. 

DEFINITIONS. 

61. The name of regular polygon is given to every 
polygon, convex or concave, which has its sides equal 
and its angles equal. The equilateral triangle and the 
square are regular polygons. 

A polygon is inscribed in a circle when all its summits 
are on the circumference of that circle. Reciprocally, it 
is said that the circle is circvmacrihed round the polygon. 

62. A polygon is circumscribed or described * round a 
circle when all its sides are tangents to the circumference 
of that circle. It is said then that the circle is inscribed 
in the polygon. 

* 63. The term limit of a variable magnitude is given 
to a fixed magnitude, to which the variable magnitude 
can approach indefinitely without equalling it. 



* The term described is retained in cor English editions 
of Enclid. The French Geometricians always employ the term 
circumscribed, which is more exact. 
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THEOREM L 

Every reyvlar polygon ABCD am be trntcribed in a 
cirde and deeeribed roimd U, 

L It may be alfinned that 
the drcmnf erence drawn throii^^ 
three coiueciitiTe rammitB A, 
By C panes throo^^ the follow- 
ing ranunit D. 

Tbrongh the centres K and 
L of the sides AB, BO of the 
polygon, let perpendiculars be 
raised on AB, BC. These 
perpendiculars intersect at point O, which is the centre 
of the circumference determined by the three summits 
A, B, and C. 

To prove that the straight line OD is equal to the 
radius OA of that circumference, let the two quadri- 
laterals OLBA, OLOD be superposed, by folding the 
figure OTer the straight line OL. Then, as the right 
angles O L B, O L are equal, the side L takes the 
direction L B, and point is applied to B, because L is 
the middle of the side BC. In like manner, angles 
LCD, L B A of the regular polygon being equal, as well 
as the sides CD, BA, the straight line CD tstkes the 
direction B A, and point D falls on A. But the straight 
lines OD, OA, of which the extremities coincide, are 
equal ; therefore the circumference described from point 
as centre, with the radius O A, passes by the summit D. 

It could be proved in the same manner that this 
circumference passes through the other summits of the 
polygon ABCD... ; therefore this regular polygon can 
oe inscribed in a circle. 

2. The sides AB, BC, etc., of the polygon ABC 
being equal chords of the circumscribed circle, the per- 
pendiculars OK, OL, etc., dropped from the centre O 
on these chords, are also equal.* Therefore the circum- 

• Theorem VII., Book II. 
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ference described from point O 
as centre, with the radius K, 
passes by the middle K, L, etc. , 
of the sides AB, B C, etc., and 
is a tangent to each of those 
lines. Consequently the regular 
polygon ABC can be described 
round a circle. 

Bemark. — Point O, which is at the same time the 
centre of the inscribed and circumscribed circles, is named 
the ceni/re of the regular polygon. 

The term radma or opotheTne of the regular polygon 
is given to the radius of the circumscribed, and also to 
that of the inscribed, circles. 

The term cmgle at the centre of the regular polygon is 
given to the angle of two consecutive radii A, OB. 
The angles at the centre are equal, because they intercept 
equal arcs in the circamference circumscribed. * The ratio 
of each of these angles to the right angle is therefore 

equal to ^, n being the number of sides of the regular 
polygon supposed to be convex. 



THEOREM II. 

If a cvrcfwmference he divided into any n/wmher of equal 
a/rc8 AB, B C, CD, etc. — Ist, the chords of these arcs form 
a regular corwex polygon, inscribed in the cvrcumference, 

2nd. The tcmgents, drawn through the points of division, 
form also a regular convex polygon, described rownd the cir- 
cumference. 

1. The arcs A B, B C, C D, etc. , being equal,t their 



• Theorem XVII., Book H. f Theorem XVL (b), Book II. 
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chords are equal and the in- 
scribed polygon ABC . . . has E 
its sides equal. 

Then its angles are also 
equal ; for the inscribed angle 
ABC has for its measiu*e* 
half the sum of the arcs 
AD, DC included between 
its sides. The inscribed angle 
BCD has in like manner for 
measure half the sum of the 
arcs BA, AD included be- 
tween its sides. But arcs D C 

and B A are equal ; therefore the angle A B C is equal to 
the angle BCD. It can be proved in like manner that 
the other angles of the inscribed polygon A BCD are 
equal, and therefore the polygon is regular. 

2. The polygon E F G, formed by the tangents 
drawn to the circumference through the points A, B, C, 
etc. , is also regular ; f or^ in the first place, each of the 
triangles EAB, FBC, etc., is isosceles, because the 
tangents drawn from the same exterior point to the same 
circle are equal ; f then these triangles are equal, because 
they have an equal side adjacent to two equal angles. 

For example, take triangle EAB, G C D ; their 
sides A B, CD are equal, in consequence of the hypo- 
thesis. The angle EAB, which has for its measure 
half the arc A B,:t is equal to the angle G C D, measured 
by half the arc C D. The same remark applies to the 
angles E B A, G D C. 

Therefore the triangles E A B, G C D are equal. 

Hence results, 1st, the equality of the angles E, F, G, 
etc., of the polygon ; 2nd, the equality of the tangents 
EB, FB, FC, GO, etc., and therefore the equality of 
the sides EF, FG, etc., of the polygon, which is conse- 
quently regular. 



• Theorem XIX., Book II. f Problem XI., Book II., Scholium. 

J Theorem XIX., Book II. 
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CoBOLLABY. — When a cir- 
onmferenoe is divided into a CD 

oertaim nnmber of «qu»l parte, 
A B, B C, etc. — for instance, 
into ten — and, starting from A, 
if tlie pointa of division from 
n to n be united by straigM 
lines, ft being a whole number 
less than the lialf of ten, a 
regniar concave polygon of ten 
sides is formed if n is a prims 
number to 10. But when the numbers n and 10 are not 
prime to each other, and d is their common measure, the 

regular polygon, thus constructed, has only -j sides. 

Let » be first assumed equal to 3, and consequently 
prime to 10. Then let the ten points A, B, C, D, etc, 
which divide the drcumference into ten equal parts, be 
joined, three and three, beginning from A ; that is, let 
arcs equal to AD be taken one after the other, AD repre- 
senting three-tenths of the circumference, and let the 
chorda of these arcs be drawn. 

As the two numbers 3 and 10 are prime to each 
other, their leaat common multiple is equal to 3 X 10, or 
30 ; consequently the sum of ten arcs equal to A D is 
equal to three times the length of the circumference, and 
it is tiie least multiple of the arc AD, which contains the 
circumference an exact number of times. 

The chords of these ten arcs form therefore a closed 
polygonal line, because it begins at point A and termi' 



which are nothing else tlian the ten points of division of 
&e circumference. 

Therefore it forma a regular concave decagon, for its 
sides are evidently equal, as well as its angles, and each 
of its sides traverses its siuface. 

In the second place, let n be equal to 4, a number 
which is not prime with 10 ; that is, let the ten points 
of division of the circumference be joined, four and four. 

1 then return to the starting point A, after having 
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drawn the chords of five consecutive arcs, equal to arc 
AE; which represents the four tenths of the circum- 
ference. For the sum of the five arcs is equal to five 
times the four tenths of the circumference, or twice the 
^ leng^ of this curve. 

The regular concave polygon, formed in this manner, 
has therefore only five sides ; that is, as many unities as 
there are in the quotient of the number 10 by the greatest 
common measure of the numbers 10 and 4. 

The name of starUke polygon has been given to every 
regular concave polygon, on account of its form. There is 
oidy one starlike pentagon ; there are three starlike 
heptagons, a single starlike octagon, a single starlike 
decagon, etc. 

SchoUujn, — If a regular 
convex polygon is inscribed in 
a given circle — ^for example, a 
hexagon — and afterwards the 
regular polygons, whose num- 
ber of sides is twice as great in 
regular increasing progression 
(that is, polygons of 12, 24, 
48, etc., sides) — ^the perimeters 
of these polygons go on in- 
creasing, though still remain- 
ing less than the circumference in which they are 
inscribed, and to which they indefinitely approach. 

The same thing is the case with their surfaces, which 
differ continually less from that of the circle. 

These facts are expressed by saying that the circum- 
ference and the circle are the limits towards which tend 
the perimeter and the surface of a regular inscribed 
polygon, the number of whose sides increases indefinitely. 
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THEOREM III. 

The ratio of the side of a square inscribed in a circle to 
the radius is »J2. 



Let AB be the side of the 
inscribed square. Draw the 
radii A and CB. Arc ABB 
being a quadrant, the angle 
A B is a right angle. In the 
right-angled triangle ABC we 
have, by the theorem of Pytha- 
goras,* AB« = A C« + C B«, and 
calling the radius r, A B^ = 
r* + r*, or A B* = 2 r* ; whence 

AB« AB 
- ^ = 2, and consequently 




= V2. 



Scholium I. — In virtue of this theorem, the side of a 

square inscribed in a circle can be found if the radius is 

known, and the converse. For, from the equality 
^]3 

— = V 2 results A B = r V 2 ; consequently, r = 
r 

AB , . . 

— =, or multiplying the two terms of this fraction by its 

V 2 ^ 

denominator, in order that it may become rational, r = 

AB ^2 



Scholium II, — The side of the squa/re in a circle and its 
radius a/re vnconvmensv/rahle ; therefore their ratio is in- 
commensurable. 

As the side of a square inscribed in a circle is the 
diagonal of a square whose side is the radius, it results 
that the dia^fonal of a square and its side are incommensu- 
rable st/raight lines. 



• Theorem XX., Book m. 
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THEOBEM IV. 

The aide of the regular hexagon inscribed in a circle is 
equal to the radius of the said circle. 

Let AB be a side of the 
regfolar inscribed hexagon. Draw 
the radii OA and OB ; then AO B 

= — = -= §R ; then the 

sum of A + B of the other 

angles of the triangle ABO will 

be worth |B ; and as the two 

angles A and B are equal, being 

opposite to the equal sides AO 

and B O, each of these angles 

will be worth f R Therefore, as angles A, O, and B 

are aU equal, sides O B luid A B and A O are equaL 

Scholiwn, — It is proper to give also this enunciation 
of the above theorem : The chord of the sixth part of the 
circumference, or of the arc of 60^, is equal to the radius. 




THEOREM V. 

Th^ ratio of the equilateral triangle inscribed in a 
circle to the radius is »J S. 

Let OB be the side of the 
inscribed equilateral triangle. 
Draw the diameter C A and the 
chord B A. As the arc C B is a 
third of the circumference, and 
arc B A the half of the circum- 
ference, the arc A B will be equal 
CBA - CB = i - i ^ i of 
the circumference, and therefore 

the chord A B is equal to the radius. In the right-angled 
triangle A B we Have, by the theorem of Pythagoras, 
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CB« = AC - AB« and caUing the radius r, C B^ = 

rj -Da 

4 1^ - 7^^ or C B^ = 3 r* ; whence — — = 3, and con- 

,1 CB vsT 

sequently = ^ 

r 

Scholium T. — According to this theorem w6 can find 
the side of the inscribed equilateral triangle, knowing the 

radius, and the converse ; for, as = V3, it is inferred 

r 

that C B = r V 3, and that r = -^=, or multiplying the 

\/3 

two terms of this fraction by its denominator, that it 

, ,. , CBV'3 

may be rational, r = s • 

Scholium II. — The Me of the equilateral triangle in- 
scribed in a circle and the radius are incommensurable, 
because their ratio is incommensurable. * (Theorem XVI, 
(a). Book II., Definition 46). 

Scholium III — The apotheme 
O D of the equilateral triangle 
inscribed in a circle is equal to 
half the radius ; for the similar 
triangles BDO, CBA give 
BO: C A : : D : AB ; and as 
CO is the half of C A, OD also 
will be half A B or the radius.t 

A straight line is said to be 
divided into extreme and mean ratio when it is divided 
into two parts, such that the greater part is a mean pro- 
portional between the said straight line and the lesser 
part. 



• Amiot calls it irrational. Lemons NouvelleSf " Greom. 
Plane," p. 274, Prob. 2, livre 4, ch. iv. 

+ A shorter reasoning is becanse B A E is a lozenge or 
rhombus (Bonche and Comberonsse, " Greom. Plane.") 
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THEOREM VI. 

The side of a regidar decagon inscribed in a circle is 
equal to the greater part of the radius, divided in mean and 
extreme ratio. 

Let A B be a side of the regu- A B 

lar inscribed decagon. Drai^ xfS^^^^^^^>v 

the radii C A and C B. Angle X vVlA 

C = -^5"= f R ; therefore, A + ( ^ j 

B = f R ; and as the angles A \ J 

and B are equal, from being X. >/ 

opposed to equal sides, each of ^^ ^'^ 

them will be worth i R. 

This being established, divide the angle A into two 
equal parts by means of the straight line A D, and then : 

BD :DC:: AB : AC(1). 

But as angle C A D is equal to f R, the sides A D and 
C D are equal, because they subtend equal angles, C and 
CAD. Also the angle ADB = C + CAD = ^R ;* 
and therefore sides A B and A D, opposite to the equal 
angles ADB and A B D, are equal ; therefore DC = A B ; 
and proportion (1) will be : B D : D C ! ! D C : B C. 

Therefore it is shown that the radius B C is divided 
into mean and extreme ratio at D, and that its greater 
segment DC is equal to the side AB of the regular 
inscribed decagon. 

SchoUvm. — It has been seen (Theorem III., Book IV.) 
that the ratio of the side of a square inscribed in a circle 

to the radius is >/2 ; therefore, if we take the radius as 

unity, the value of the side of the inscribed square is >/ 2. 

Consequently, if geometrical constructions were exact 

(which they are not), we should have exactly a straight line 

whose value would be nj 2. The same can be said of any 

other incommensurable square root ; \/ n, which is the 
value of a straight line, being a mean proportional 
between the straight lines whose values are 1 and n. 

* Theorem XXVin., Corollary I., Book 1. 
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THEOREM VII. 




Begvlar polygons of the same nv/mber of aides are 
similar. 

Let us consider, for instance, A B 

two regular hexagons, ABC, 
A'B'Cy, As the six angles of a 
hexagon are equal to eight right 
angles,* each angle of the regular 

8 R 
hexagon will be worth— ^ ; there- 
fore the angles of both polygons 
are equal. 

As the sides of each polygon 
are equal, the ratio of one side of 
one polygon to one side of the 
other polygon is always the same ; 
therefore the sides adjacent to 
equal angles of both polygons are 
proportional. Accordingly, the 
proposed polygons have their 
angles respectively equal, and their sides proportional ; 
and therefore the said polygons are similar. 



ly 



THEOREM VIII. 

The perimeters of two regular polygons ABODE, 
ah cde, of the same number of sides, a/re proportional to 
their radii A and a o, wnd to their apothemes O F and 
of.f 

Let P and p be the perimeters of two polygons ; as 



• Theorem XXIX., Book I. 

t The names radios and apotheme of a polygon are given to 
the radins of the circnmscribed and the radius of the inscribed 
circle. (See above, ISemorA;, Theorem I., Book IV). 
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these polygons are similar (liyp.)> 
we shall have : — 

P :p :: AB \ah. 

Now, if we draw the radii 
O B and o h, the triangles O A B 
and oah will be similar, be- 
cause the angles O A B, oah are 
equal, as halves of the equid 
angles EAB, eah, and the 
angles O B A, oh a will be equal 
for the same reason. Therefore 
AB ',ah :: OA : oa W OF : 
o /; and consequently P : p W 
A : o : : O F : o/. 



A F B 




®. 



d 



THEOREM rX. 

Every convex dosed line A B C D enveloped by any other 
closed Kne P Q R S T is less them it 

All the infinite lines AB 
CD, PQRST, etc., which 
enclose the plane surface A B 
CD, cannot be equal. For 
drawing the straight line 
MD, which does not cut 
ABCD, MDwill be < MP 
Q D ; and adding to both 
members the part M T S R Q D, 
the result will be MDQR 
STM < MPQRSTM. 

As all the lines, infinite in number, that enclose the 
plane surface ABCD are not equal, one of these two 
cases will result : either two or more of these lines will 
exist, which will be equal in magnitude, and less than 
all the others, or one only will exist, less than all the 
others. 
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It has been seen that MPQRSTM is greater than 
MDQKSTM; therefore PQRSTM b not one of 
the smaller ones. The same thmg can be demonstrated 
of any other of the lines mentioned, different from 
A BCD. Therefore, two of these cannot exist, beins 
equal in magnitude, and less than all the others ; imd 
since no line different from A B C D is of these lesser 
lines, A B C D is the lesser line. 

CoROLLABT I. — The ci/rcwmference is greaier than the 
perimeter of every inscribed polygon^ and less than that of 
every circumscribed polygon, 

CoBOLLAKT II. — The perimeter of a regular inscribed 
polygon, which has twice as many sides as another regular 
inscribed polygon, is greater than the perimeter of the latter, 

OOBOLLABY HI. — If 

from the point G outside 
the circle, two tangents 
be drawn to the same, 
terminating in the points 
of contact A and B, the 
sum of these two tan- 
gents is greater than 
that of the arc AD B 

included between them. For drawing the chord A B, we 
have by the theorem, AB + AC + BC >ADB + 
AB; therefore AC + BO > ADB. 



THEOREM X. 

Every curved line is the limit of a broken line, whose 
summits are on the cu/rve, and whose sides can be muMpUed 
till they corns to be less than any given qua/ntity. 

For, as the sides of the broken line may come to be less 
than any given quantity, it is evident that the curve and 
the broken line become at length confounded in one ; and 
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therefore the difference of their length can come to be as 
small as is desired ; that is, the curve is the limit of the 
aforesaid broken line. 

CoBOLLABT. — ^The circumference is the limit of the 
perimeters of the regular inscribed polygons ; for if we 
inscribe a regular polygon, then anouier regular polygon 
of twice the number of sides, next another of twice as 
many sides as the last, and continue this operation in- 
definitely, the circumference will be divided into arcs 
less than any given quantity, and a fortiori the sides of 
the polygon, which are less than the said arcs, will come 
to be less than any assignable quantity ; therefore the 
circumference is the limit of the said perimeters. 



THEOREM XI. 

The circumferences c, c' are proportional to their radii, 
r and r^. 

Let p and p^ be the perimeters of two similar regular 

polygons inscribed in the circumferences o and c' ; we 

shaJl have, according to Theorem YIII., the proportion 

p p' 

— — —7 . Now, as the circumferences c and c' are the 
r r 

limits of the perimeters p and ^',* and consequently the 

c c' 

constant quantities — and — - are the limits of the 

r r 

p p' 

variables — and— r, we shall have in virtue of the 
r r 

c c' 

theorem of the limits : — = —^ 

r r 

GoBOLLABT I. — C/ircum/erc7ice« are pfiroportiofM^ to their 
dictmetera — ^that is, c : 2 r I ! c' : 2 r' ; and therefore the 
ratio of one circumference to its diameter is equal to the 
ratio of any other circumference to its diameter. There- 
fore t?ie ratio of the circumference to the diameter ia always 
the aame, or ia constant, 

* Theorem X., Corollary. 



THEOREMS. 129 

This constant ratio, wliich is commonly designated by 
the Greek letter ir, ia equal to 3*14159265358979 . . . ; 
the geometer Lambert proved in 1761 that this number 
is irrational, but his demonstration is not adapted for an 
elementary geometry. 

Two thousand years before our time, Archimedes first 
discovered that «• is included between the numbers '6l% 
and 3^. The larger quantity 3^ is generally used, ex- 
ceeding ir by only a half-hundredth. Adrian Metius, a 
Dutch geometer of the 16th century, has given us a 
proximate value of the same ratio — the number fJJ, 
which only differs from it by a half-millionth, and which is 
remarkable for the manner in which it is formed by 
the three first uneven numbers, 1, 3, and 5. 

It results from the fact that the ratio of a circum- 
ference to its diameter is constant ; that to compute the 
length of a circumference of which the diameter is given, 
you must multiply the diameter by the number tt ; and 
reciprocally, to calculate the magnitude of the diameter of a 
given circumference, you must divide this circumference 
by the number w. 

These two rules are comprised in the following 
formula : Circle K «= 2 H x v ; that is, circle R s= 2 gr H. 

GoBOLLABY II. — To calculate the length I of an arc of n 
degrees, the radius H of this arc being given. 

The circumference described with the radius B being 

equal to 2 9r B, the arc of a degree, which is the three 

2 wR 
hundred and sixtieth part of it, has for its measure —r-rz- 

^ ' 360 

or -Tq^ 9 the arc of n degrees has therefore for its mea- 

gr R T Rw 

surentunes^^, or -^^. 

Therefore we have the formula : I = %-q/^^' which 

loO 

serves to calculate one of the three quantities I, R, ti, when 

the two others are given. 
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goTiB be oonstmcted, the polygon constmcted on one side 
will be equivalent to the difference of the polygons con- 
Btructed on the hypothenuse and the other side. 

This is demonstrated in the same manner as the 
previous theorem. 
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APPENDIX TO BOOK IIL 



Theory of Transversals. 



DEFINITION. 



67. The name of transyersal is given to a straight line 
which meets a system of several lines. 



THEOREM L 

When the three sides of a triangle, produced if necessary , 
are intersected hy a transversal, there are on ea^h side two 
segments, and these six segments are such that the product of 
three of them, not having any extremity in common, is equal 
to the product of the others. 

Let ABC be the ' 
proposed triangle, and 
DEE the transversal. 
Draw through point 
a parallel C G to the 
side AB, till it meets 
the transversal. The 
similar triangles A D E, 
EGO give the pro- 

aE A D 
portion : E = c"G ' 

whence AExCG= y. r^ -n -^ 

CEXAD(I). 

The similar triangles C G E, F B D give also the pro- 
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CF CG 

portion .^^ = £-— , from which is deduced C P X B D 

= BP X CG(2). Multiplying the equalities (1) and 
(2), and dividing by the common factor G, we have : 
AE X OP X BD = AD X BP X CE. 



THEOREM n. 

Reciprocally, if three points taken in equal nurriber on 
the sides of a triangle and in unequal number on its sides 
produced, determine six segments, such that the product of 
three of them that are not consecutive be equal to the product 
of the three others, these three points will be in a straight 
line. 

Let ABC be the 

triangle, and let T>, 

E, P be three points, 

such that AD X BP 

X CE = BD X CP 

X A E(l); then the 

three points D, E, P 

will be in one straight 

line ; for if the straight line D E met B C on a point F' 

different from P, we should have, by the preceding 

theorem, AD X BP' X CE = BD X CF x AE (2). 

Dividing the equality (1) by the equality (2), and sup- 

BF CP 
pressing the common factors, we have : --—, = -— ^ ; 

BP — CP BP ^ . BC BF 

''^^^'^ BC-CP- = BP- ''^"''"^ ^^^'^^ m^ = BF' 
an evidently false proportion, unless point P is con- 
founded with point F. 

BemarJe. — This theorem often gives the means of 
detecting, very simply, if three points are in a straight 
line ; we are about to give an example of this. 
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LEMMA I. 

Two circumferences A and B heing given, if two radii 
A M, B N ^ drawn, parallel and in the same direction, the 
straight line M N, which joins their extremities, wUl meet the 
line of the centres at a point C that will he the same, whatever 
way the direction of the parallel radii A M, B N. 

For the similar triangles A M C^ B N G give the pro- 
AC AM , AC -BO AM-BN 
portion 3c = 5^; whence -^^ = BN ' 

AB _ AM - B y 
^'^ B " B N 




But AB^AM — AN, BN are constant- quantities ; 
therefore B will also have a constant value. 

This point is the direct centre of similitude of the 
two circumferences, and its position on the line of the 

AC AM 

centres is determined by the proportion ~^ = ^^' 1* 

BO B N 

would be easily seen also that this is the meeting-point of 

all the common exterior tangents. 



LEMMA IL 

Given two circumferences A and B, if the radii AM, 
B N are drawn, parallel and in an opposite direction, the 
straight line M N will meet the line of the centres at a point 
C, which will he the same, whatever may he the direction of 
the radii AM, B N, 
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For the similar triangles AMC, BNC give the 

_. AC AM 
proportion _ = — . 




The point C divides the straight line A B in the ratio 
of the two radii ; therefore this point is constant. This 
point 18 the inverse centre of similitude of the two circum- 
ferences. It may also be seen that it is the meeting-place 
of the common interior tangents. 



THEOREM III. 

If the sides of a plane polygon, or the sides prodttced, are 
cut by a transversal, there will be on each side two segments 
formed by the transversal, such that the product of the seg- 
ments which have no common extremity will be equal to the 
product of all the others. 

Let the pentagon ABODE be cut by a transversal 
mnpqr ; then, Aw.Br.Om.Dg.E^ = Bn.Or. 
Dm. Eg.A#. 




To prove this, from one of the summits A of the 
polygon let diagonals be drawn to all the other summits, 
and let them be produced till they meet the transversal. 
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The triangles ABC, A C D, A E D, considered sepa- 
rately, as cut by the transversal, will give : — 



A n . B r . C^ 

A^ . Cm . D« 

Aa.Dg .E« 



B n . C r . A^. 
C^ . Dm . A«. 
Ds. E(|[ . A^. 



Multiplying these equalities and cancelling the common 
factors, we obtain : Aji.Br.Cw.D^.E^ = B«.Cr. 
Dm^E f. A U 



THEOREM IV. 

If the different portions of a straight line he projected on 
a planCy each projection will he equal to the portion of the 
straight line corresponding to it, multiplied hy a constant 
nuTri)erfor all these straight lines. 

Let the portions AB, C D of the straight line A E be 
projected on the plane M N, and let ah, c c^ be their pro- 
jections ; then let D F and B H be drawn parallel to E a. 




The similar triangles C D F, A B H give the proportion 

— = — -rr ; or because d c = D F and ha = B H, 
DC AB' ' 

dc ah ^. ^ .^ dc _ _ ^^ 

_-— = .-^ ; therefore, if — — , = m, whence dc = DC 

ah 
X m, we shall have — = m, whence a 6 = A B X m. 

AB .. 
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THEOREM V. 

If the sides of a polygon turned to the left, or their 
sides produced, are cut by a transversal, there will he on each 
side two segments, sv^ch that the product of all those segments 
that have not a common extremity will be equal to the prO' 
duct of all the others. 

Let aP(y9he the proposed polygon^ and let c, A., fi, p 
be the points where the sides afi, fiy, 87, a 8 meet the 
transversal plane. Let this polygon be projected on a 
plane perpendicular to the transversal plane. 

Let it be supposed that A B C D is this projection, and 
let S N be the intersection of the plane of projection and 
of the transversal plane. If the sides of the polygon 
A B C D be produced till they meet S N, this gives, by 
Theorem IV., A E .BL.CM. DR = BE . CL.DM. 
A R (1). 

But AE and BE are the projections on one and the 
Rame plane of the segments a c, /3 c of the polygon turned 
left ; this gives — 

AE =o€.«i,BE = /8e.m; 
also BL =/3\.n, CL ^ y\ ,n, 
CM =7/1.^, DM = 8/i.|>. 
DR = 8p.r, AR = ap ,r. 

Substituting in equality (1) for the segments AE, BE, 
1^ L, C L . . . their equivalents, and dividing on both sides 
hy m, . n , p . r . , we obtain a€./3A*7/A.8p = $€ , y\ . 
S /i . a p. Q. E. D. 
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THEOREM VI. 

If a point taken in the plane of a triangle ABC he 
joined to the three summits of this triangle, these straight 
lines determine on the sides of the triangle^ or on the sides 
produced, six segments, such that the product A F . B D . 
CD of three segments, non-consecutive, is equal to the product 
FB.DO , K'Ei of the three others. 

For the triangle ABD cut by the transyersal FC 
gives the equality 

AF . BC . DO = A 

BF.DO . AO (1). 

In like manner^ 
the triangle ADC cut ^ / / \E 

by the transversal 

BE gives AO . B D / ^^tcs^ 

. EC = OD . BO . ^ ^"^^ly 

AE (2). ^ 

Multiplying mem- 
ber by member the 
equalities (1) and (2), 
and cancelling the 
common factors^ we 
have AF . BD .EC 
= BF.DO. AE. 





(The further development of the Theory of Transver- 
sals is reserved for a special Treatise on Modem Geo- 
metry, with a popular view of the recent improvements 
introduced by M. Chasles.) 
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EXEECISES TO THE FIVE BOOKS. 



EXERCISES ON BOOK I. 

1. The bisectors of two adjacent and supplementary 
angles are perpendicular one to the other. (The bisector 
of an angle is the line which divides this angle into two 
equal parts.) 

2. When four adjacent angles are equal together to 
four right angles, if the first is equal to the third and the 
second equal to the fourth, the sides of these angles are, 
two and two, in the same straight lines. 

3. The bisectors of two angles opposed at the summit 
are in a straight line. 

4. The sum of the straight lines that unite a point 
taken in the interior of a triangle to the three summits, 
is less than the perimeter of the triangle, and greater 
than the half of that perimeter. 

5. The straight line which joins the stimmit of a 
triangle to the middle of the opposite side is less than the 
half of the sum of the two other sides, but greater than 
the half of the excess of that sum over the third side. 

6. Conclude from this theorem that the simi of the 
straight lines which join the stimmits of a triangle to the 
centres oi the opposite sides is less than the perimeter of 
the triangle, and greater than the half of the perimeter. 

7. If you prolong the sides B A, C A of the triangle 
B A C beyond the summit A, by quantities A B', A C, 
which are respectively equal, and if the straight line B'C'' 
be drawn, first, the centres of the lines C B, B' C and the 
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summit A will be in one straight line ; secondly^ the last 
of these three points will divide the distance of the two 
others into equal parts. 

8. If there be taken on one of the sides of any angle 
ABC the lengths B D^ B E^ and on the other side the 
lengths B D', B E', respectively equal to B D, B E, and if 
afterwards the straight lines D E'^ E D' be drawn^ these 
lines will intersect on the bisector of the angle ABC. 
From this results the means of constructing the bisector of 
an angle. 

9. The perpendiculars drawn from the summits of an 
equilateral triangle to the opposite sides are equal. 

10. If two points equally distant from the summit 
are taken on the equal sides of an isosceles triangle, and 
they are joined by straight lines to the opposite extremi- 
ties of the base, these lines will intersect on the straight 
line, which passes from the summit to the middle of the 
base. 

11. The straight lines which join the summits of an 
isosceles triangle to the centres of the opposite sides 
intersect at the same point. 

12. The perpendiculars drawn from the extremities 
of the base of an isosceles triangle on to the opposite sides 
are equal. 

13. Find on a straight line a point, such that the siun 
or the difference of its distances from two given points is 
a minimum or a maavmum. Prove that the straight lines 
on which these distances are measured are equally inclined 
towards the given straight line. 

14. The perpendiculars raised on the sides of a 
triangle, through the centres of its sides, intersect in the 
same point. 

15. The bisector of an angle is the geometrical locus 
of the points equally distant from the sides of this angle. 

16. The bisectors of the angles of a triangle meet at 
the same point. 

17. If the bisector of the angle of a triangle divides 
the opposite side into two equal parts, this triangle is 
isosceles. 

18. If through the point of intersection of the bisectors 
of the angles of a triangle, a parallel be drawn to one of 
its sides, this straight fine will be equal to the sum of the 
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segments intercepted on the two other sides by the two 
piu*allel8. 

19. If through the summits of a triangle^ parallels 
are drawn to the opposite sides, these straight lines will 
determine a second triangle equal to four tunes the first. 
What is the relation of the paraUel sides ? 

20. The perpendiculars dropped from the summits of 
a triangle on the opposite sides meet at the same point. 

21. The bisectors of the angles of a quadrilateral 
form another quadrilateral, of which the opposite angles 
are supplementary. 

22. If the opposite sides of a quadrilateral be pro- 
duced till they meet, the bisectors of the two angles 
formed by them intersect at an angle equal to half the 
sum of two opposite angles of the quadrilateraL In which 
case are these bisectors perpendiculars ? 

23. The bisectors of two angles which have their sides 
parallel are parallel or perpendicular. The same is the 
case with the bisectors of two angles whose sides are per- 
pendicular. 

24. In every convex quadrilateral, first, the bisectors 
of two consecutive angles intersect under an angle equal 
to half the sum of the two others ; secondly, the bisectors 
of two opposite angles form an angle equal to half the 
difference of the two other angles of the quadrilateraL 

25. The parallelogram formed by drawing, through the 
extremities of each diagonal of a quadrilateral, parallels 
to the other diagonal, is equivalent to twice that quadri- 
lateraL Deduce from this theorem that two quadrilaterals 
are equivalent, if their diagonals are equal, each to each, 
and equally inclined one to the other. 

26. Every straight line which passes through the 
point of intersection of the diagonals of a parallelogram is 
divided by this point into two equal parts, and this line 
divides in its turn the parallelogram into two equal parts. 
For this reason, the diagonals at the point of intersection 
of the diagonals receives the name of centre of the 
parallelogram. 

27. The diagonals of two parallelograms inscribed 
one within the other, that is, such that the summits of the 
one are on the sides of the other, pass through the same 
point. 
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28. The sum of the perpendiculars drawn from any 
point of the base of an isosceles triangle to the two other 
sides is constant. The difference of the perpendiculars 
drawn from any point of the prolongations of the base to 
the two other sides is constant. How must the enuncia- 
tion be altered in the case of a point exterior to the 
triangle ? 

29. Prove, first, that in a rectangle, parallelograms 
may be inscribed of which the sides are respectively 
parallel to the diagonals of the rectangle ; secondly, that 
the perimeter of these parallelograms is equal to the sum 
of the diagonals of the rectangle. 

30. Given a rectangle and a point situated in the 
interior of a quadrilateral : if the given point is supposed 
to be a ball, infinitely small, and the perimeter of a 
rectangle as a material line, perfectly elastic, so that 
when the ball strikes it, it always recoils, making the 
angle of incidence equal to the angle of reflexion ; find 
the direction in which the ball must be projected to return 
to the starting-point, after having touched the four sides 
of the rectangle. What is the length of the distance 
traversed by &e ball? 



EXERCISES ON BOOK II. 

31. The greatest and the least of all the straight lines 
that can be drawn from a point to a circumference pass 
through the centre. 

32. A straight line and a point being given, describe, 
with a given radius, a circumference of which the centre is 
situated on the straight line, so that the sum of the 
maximimi and minimum distances from the point to this 
circumference is equal to a given length. 

33. If two arcs A B, D of the same circumference 
are equal, their chords A B, CD, and the straight lines 
A 0, B D which join cross-shape the extremities of these 
arcs, intersect on the same diameters. 

34. Describe, with a given radius, a circumference 
passing through two given points. 
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36. Describe, through a given point, a circumference 
passing at the same distance from three given points, not 
in a straight line. 

36. Describe, with a given radius, a circumference 
passing at the same distance from three given points, not 
in a straight line. 

37. Given on a map four points, of which three are not 
in a strai^t line, draw on tMs map a circular path passing 
at an equal distcuice from each of these points. 

38. Describe, with a given radius, a circumference 
intercepting, on two straight lines, chords of which the 
length is given. 

39. A straight line, movable on a plane, can be 
brought from any one of its positions to another by a 
rotation round a point of the plane, provided its two 
positions are not parallel and in the same direction. 

40. A triangle and any plane figure, in general movable 
in a plane, can be brought from any of their positions to 
another by a rotation round a point in the plane, pro- 
vided that in these two positions the equal sides be not 
parallel and in the same direction. 

41. If the chord of an arc be divided into three equal 
parts, the radii which pass through the points of division 
do not divide the arc in three equal parts. 

42. Which is the geometrical locus of the centres of 
the chords of a circumference equal to a given straight 
line? 

43. Draw, through a given point, a circumference 
touching a straight line at a given point. 

44. Describe, through two given points, a circimifer- 
ence touching a parallel to a straight line drawn through 
the given points. 

45. Describe a circumference which intercepts chorda 
of a given length on two parallel straight lines. 

46. The straight lines which join the extremities of 
two parallel chorcb intersect on the diameter perpendicu- 
lar to these chords. 

47. Let A be the centre of a circle. If the radiua 
A B be prolonged by a quantity B C equal to A B ; then, if 
from a point C the perpendicular D be dropped on any 
tangent to the circle ; and, next, if the straight line be 
drawn joining the foot D of this perpendicular to the 
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extremity B of the radius A B, the angle A B D exterior 
to the triangle B C D is constantly equal to three times 
the interior angle B D C. 

48. When two circumferences have no point in 
common, the least and the greatest of the straight lines 
that can be drawn from one circumference to the other 
pass through the centres of those circumferences. 

49. If through one of the points of intersection of 
two circumferences, a parallel be drawn to that straight 
line which joins their centres, the sum of the chorda 
intercepted on this parallel is equal to twice the distance 
of the centres. When the secant is caused to turn round 
the point of intersection of the circumferences, how doea 
the sum of the intercepted chords vary ? 

50. What is the geometrical locus of the centres of 
the circumferences which, described with the same 
radius, divide a given circumference into two equal parts ? 

51. Describe a circumference which, passing by & 
given point, touches a given circumference at a given 
point. 

62. Describe a circtmiference which passes by two 
given points and cuts a given circumference, so that the 
common chord is parallel to a given chord. 

63. Describe, with a given radius, a circumference 
which passes by a given point, and of which the shortest 
distance to a given circumference is a known length. 

54. From the sumamits of a triangle as centrea 
describe three circumferences, such that each of them 
touches the two others. 

55. What is the geometrical locus of the summit of 
an angle which moves in a plane so that its sides pass 
through two given points ? 

56. If the opposite angles of a convex quadrilateral 
are supplementary, the four simimits are situated on 
the same circumference ; that is, the quadrilateral is 
inscriptihle, 

57. If a convex polygon, inscribed in a circle, has 
an even number of sides, the sum of its angles of the 
even order is equal to the sum of its angles of uneven 
order. The reciprocal proposition is only true in the 
case of the quadrilateral. 

58. What is the geometrical locus of the centres of 
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the chardB intercepted by the cucmnf eience on all the 
secants that can be drawn throngh a given point ? 

69. If, from a point of the drcamacribed drcom- 
fetence, perpendiculars be dropped to the sides of a 
triangle, the feet of these peipendicnlsn are in one 
straight line. 

60. The feet of perpendiculars drawn from the 
summits of a triangle on the opposite sides are the 
snmmits of a second triangle, whereof the angles have 
for bisectors the heights of tiie other triangle. 

61. If fonr ciicomferences are drawn, snch that 
each of them passes by two oonsecntiye summits of an 
inscribed quadrilateral, these corves intersect at four 
points different from those of the qaadrilateraL Pkt>ve 
that these fonr points belong to one and the same €ar- 
cnmferenoe. 

62. When the sides of an angle cat two cireom- 
ferences, the chords of the arcs which they intercept 
on one of these curves, being indefinitely product, 
make a quadrilateral inscriptible with the chords of the 
arcs intercepted on the other curve. 

63. If a secant be drawn through one of the points 
of intersection of two circumferences, it cuts these cir- 
cumferences at two other points, of which the tangents 
make a constant angle. 

64.. If three points A, B, C divide a circumference 
into three equal parts, the distance from every point M 
of the arc A B to the point C is equal to the sum of the 
distances from the same point M to the two points A 
andB. 

65. Construct a triangle of which an angle is known ; 
also one of the adjacent sides, and the length of the 
straight line joining the centre of this side to the 
opposite summit. 

66. Construct a triangle in which the two sides are 
given ; also the length of the straight line which joins the 
middle of one of them to the opposite summit. 

67. Construct a triangle of which one side is known, 
one of the adjacent angles, and the length of the bisector. 

68. Construct a triangle with a given angle, one of 
the adjacent sides, and the sum or difference of the two 
other sides. 
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69. Construct a triangle in wHcli an angle is given ; 
also the side opposite to it^ and the sum or difference of 
the two other sides. 

70. Construct a parallelogram of which one angle 
and the two adjacent sides are known. 

71. Construct a rectangle of which two consecutive 
sides are known. 

72. Given the diagonals of a lozenge, construct that 
quadrilateral 

73. Construct a trapezium of which the sides are 
given. (A trapezium is any quadrilateral with two 
parallel sides.) 

74. Given two parallel straight lines and a point, 
draw through the point a secant, such that the portion 
of that line comprised between the two parallels is of a 
given lei^h. 

75. Construct a triangle in which the base, the 
height, and the straight line which joins the middle of 
the base to the opposite summit are given. 

76. Draw between two circumferences a straight 
line having a given length, and parallel also to a given 
direction. 

77. Describe, from a given point as centre, a circum- 
ference which intercepts on another circumference an 
arc having a chord of a given length. 

78. Construct a triangle of which two angles and 
one of the three heights are known. 

79. Construct a trapezium of which the diagonals 
and the parallel sides are given. 

80. Construct a triangle of which two sides and one 
of the heights are known. 

81. Inscribe in a circle an angle of a given magnitude, 
so that one of its sides passes by a given point, and that 
the other may be parallel to a given straight line. 

82. Describe, with a given radius, a circumference 
tangent to two given straight lines, or to a given straight 
line and circumference. 

83. The diagonals of a parallelogram and their angle 
being given, construct this quadrilateral. 

84. Construct a triangle of which two angles and 
the sum of the two sides are given. 

85. Construct a triangle of which two angles and 
the perimeter are known. 
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86. If a circle be inscribed in an angle, the two 
points of contact divide the circumference into two arcs, 
such that the whole tangent to the smaller of those arcs 
forms a triangle with a constant perimeter, with the sides 
of the angle. 

87. Through a point M, given in an angle B A C, 
draw a secant, such that the perimeter of a triangle 
formed by this line and the sides of the angle may have 
a given length. 

88. Draw a secant common to two circtmiferences, 
in such sort that the intercepted chords may have given 
lengths. 

89. Two concentric circumferences being given, 
draw a triangle of which two angles are given, and which 
has two summits on one of the circumferences, and the 
third on the other. 

90. Construct a triangle in which one of the three 
heights, one angle, and its bisector are known. 

91. Construct a triangle of which the perimeter, an 
angle, and the corresponding height are given. 



EXERCISES ON BOOK III. 

92. The straight line which joins the centres of two 
sides of a triangle is parallel to the third side, and equal 
to half that side. 

93. The straight lines whidi join the centres of the 
consecutive sides of a quadrilateral form a parallelogram. 
In what cases is this parallelogram a rectangle, a lozenge, 
or a square ? 

94. Calculate within 0*001 metres, each of the 
segments determined by the bisectors of the angles of a 
triangle on its sides, equal respectively to 12, 15, and 18 
metres. 

95. Given any triangle ABC, side A C is diminished 
by an arbitrary quantity A A', and side B C is increased 
by a quantity equal to B B'. Prove that the new base 
A' B' is cut by the old base A B in a ratio inverse to the 
primitive sides A C, B C. 
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96. Let there be two similar triangles A B C, A' B' C^, 
of which the homologous sides B 0^ B' G^ are parallel. If 
the triangle A B' G' turns in its plane around their 
common summit A, what is the locus described by the 
point of intersection of the two straight lines which join 
the homologous extremities of the sides B G, B^ G'? 

97. Given in the same plane two similar polygons^ 
prove that there exists in this plane a point, such that the 
straight lines drawn from this point to any two homologous 
summits make a constant angle ; and construct this 
point. 

98. Inscribe a square in a semicircle, or in a triangle. 

99. Inscribe in a circle an isosceles triangle, of which 
the sum or the difference of the base and height are 
given. 

100. The straight lines drawn from the summits of a 
triangle to the censes of the opposite sides meet in the 
same point, which divides each of those lines in the ratios 
2 to 1, starting from each summit. 

101. If three straight lines pass through the same 
point, the ratio of the distances &om any point of one to 
the other two is constant. Deduce from this theorem 
the geometrical locus of a point of which the distances to 
two given straight lines are proportional to lengths also 
given. 

NUMERIGAL PROBLEMS. 

102. Two circles, of which the radii are respectively 
0*5 metres and 1*6 metres in length, intersect in such 
wise that the tangents drawn through one of the points 
of intersection are perpendicidar. Demanded the distance 
of their centres. 

103. The radii of two concentric circles are 36 
metres and 20 metres in length ; in the great circle a 
chord is drawn tangent to the little one ; required the 
distance of their centres. 

104. The sides of the right angle of a right-angled 
triangle are equal to 16 metres and 24 metres. Required 
the projections of the sides of the right angle on the 
hypothenuse, and the distance from the summit of this 
angle to the opposite side. 
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105. Calculate the heightB, the medial lines, and the 
Iriaecton of a triangle of which the sides axe equal to 16 
metres, 25 m^tresy and 39 metres. 

106. Calculate the length of the chord common to 
two ciicles of which the radii are 12 metres and 15 metres 
in lengthy knowing that the distance of their centres is 18 
mMres. 

GRAPHIC PROBLEMS. 

107. If, from a point taken in the plane of a ciide, two 
secants are drawn perpendicolar one to the other, the 
sum of the squares of the distances from this point to the 
four points of intersection of the circomf erence and of the 
secants is constant. 

108. The geometrical locus of the point, sach that 
the sum of the squares of its distances from two fixed 
points is constant, is a circumference of which the centre 
coincides with the middle of the straight line which joins 
the two fixed points. 

109. The difference of the squares of two sides of a 
triangle is equal to twice the product of the third side by 
the projection of the medial line of this last side on its 
direction. 

The geometrical locus of the point, such that the 
difference of the squares of its distances from two fixed 
points is constant, is a straight line perpendicular to 
that which joins the fixed points. 

110. E^aw through two given points a circumference 
dividing into two equal parts a given circumference. 

111. Describe a circumference passing by two given 
points, and touching a given straight line. 

112. Describe, through a given point, a circumference 
touching two given straight lines. 

113. The geometrical locus of a point, such that the 
tangents drawn from that point to two given circles are 
equal, is a perpendicular to the straight line joining the 
centres. ^Hiis locus is known by the name of radical ckdis 
of the two ci/rdea. 

114. The radical axis of three circles considered, two 
and two, meet at the same point, which is called the 
radical centre of the three circles. 
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115. Draw, through two given points, a circle touch- 
ing a given straight line or circle. 

116. What is the geometrical locus of the centres of 
the circles which intersect orthogonally — ^that is, forming 
a right angle — ^two given circles ? All the circles which 
cut orthogonally two given circles have the same radical 
axis. 

117. Find on the straight line which joins the centres 
of two circles, two points, such that the product of their 
distances from the centre of each circle is equal to the 
square of the radius of this circle. 

118. Describe a circumference which cuts ortho- 
gonally three given circimif erences. 

119. A point A, a straight line, and a circle being 
given, find on the straight line a point B, such that the 
tangent to the circle, drawn through this point, is equal 
to the distance B A. 

120. If, from a point of the radical axis of two circles, 
tangents are drawn to two other circles concentric with 
the first, the difiTerence of the square of these tangents is 
constant. 

121. The circles described on the diagonals of a 
trapezium as diameters have a common chord, which 
passes through the intersection of the non-parallel sides of 
the trapezium. 

122. If a right angle turns round its summit, supposed 
to be fixed, what is the geometrical locus of the centres 
of the chords of the arcs which it intercepts on a circum- 
ference situated in its plane ? 



BXEECISES ON BOOK IV. 

GENERAL PROBLEMS. 

123. From a point taken in the plane of an angle, 
draw a straight line that may be divided in a given ratio 
through this point and the sides of the angle prolonged 
beyond the simimit, if necessary. 

124. From a point taken in the plane of an angle, 
draw a straight line divided by this point and the sides 



184 EUCLID SIMPLIFIED. 

of the angle into two segmentSy of which the product is 
equal to the square of a given line. 

125. Inscribe in a circle a triangle, such that its 
sides, prolonged if necessary, may pass through two given 
points A, B, and intercepting on the circumference an arc 
of which the chord is parallel to the straight line A B. 

126. From the extremity A of the diameter A B of a 
circle draw a secant, such that the sum or the difference 
of the distances from point A to the two points at which 
this secant cuts the circle, and the tangent drawn to the 
other extremity B of the diameter A B, is equal to a given 
line. 

127. Construct a polygon that is similar to a given 
polygon, and of which the perimeter has a given length. 

128. Construct a parallelogram that shaU be similar 
to a given parallelogram, and of which the sides cut a 
given straight line at four giv^en points. 

129. Draw, through two given points, two parallels 
forming, with two given parallels, a parallelogram of which 
the sides are proportioned to two lines m and n, 

130. Draw on the plane of a triangle a straight line, 
such that the distances from the summits of this triangle 
to this straight line may be proportional to given lines 
TW-, n, p, 

131. Draw two circles that shall be tangent one to the 
other, and touch a straight line at two given points, the 
sum or difference of their radii being equal to a given 
line. 

NUMERICAL PROBLEMS. 

132. Calculate, within a millimetre, and without 
using logarithms, the circumference which has for radius 
the diagonal of a square, whose side is 0*5 metres, and 
show that the approximation required has been obtained. 

133. Calcidate, within a kilometre, the radius of the 
circumference of the earth. 

134. Calculate the radius of an arc of 20° 15', of which 
the length is 8*50 metres. 

135. Two arcs of the same length have been described 
with radii of 0*25 and 0*18 metres. One is an arc of 
15° 20^ ; what is the number of degrees of the other ? 
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GRAPHIC PROBLEMS. 

136. Describe a circumference equal to the sum or 
difference of two given circumferences. 

137. If two similar and regular polygons are placed 
so that one is inscribed and the other circimiscribed 
round the same circle, the circumference of this circle is a 
proportional mean between the circumference inscribed 
in the first polygon and the circumference circumscribed 
round the second. 

138. If a circle is made to revolve in a second circle 
of twice its radius, so that they are always tangents, a 
point of the circumference of the movable circle will 
describe a diameter of the fixed circle. 

139. When a circimif erence is divided into equal parts 

by the points A, B, 0, etc. , and when, starting from A, 

those points are joined 2 and 2, 3 and 3, and in general 

h and h by straight lines, a regular concave polygon is 

formed, having n sides, if the numbers n and h are prime 

to each other ; but if these numbers are not prime to 

each other, and d is their greatest common measure, the 

n 
regular concave polygon has only -^ sides. 

140. There are as many regular polygons of n sides 
as there are unities in the half of the number which 
expresses how many whole numbers there are less than n, 
and prime to it. 

141. The sum of the interior angles, formed by the 
consecutive sides of a regular polygon of n sides, is equal 
to as many times two right angles as there are unities in 
n — 2 h, h being the numaber of times that the arc sub- 
tended by the side of the polygon contains the nth part 
of the circumscribed circumference. 

The sum of the external angles, formed by each side, 
and the prolongation of the preceding side, is equal to 
4 h right angles. 

1^. Calculate the side and the apotheme of the 
regular convex octagon in the fimction of its radius. 
Apply the two formulsB, supposing the radius = 4*50 
metres. 

143. Calculate the side and the apotheme of the 
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regoliur oonyex dodecagon in the function of its radius. 
Apply the two formnlaB, supposing the radius = 1*50 
metres. 

144. Prove that the ratio of a drcumf eience to its 
diameter is comprised between the numbers 3 and 4, by 
the mere consideration of the perimeteni of the i^uLu- 
inscribed hexagon, inscribed in this dicumferenoe, and of 
the drcomscribed square. 

145. Yerify that the sum of the mdes of the square 
and of the equihiteral triangle, inscribed in the same 
circle, exceeds half the circumference of this circle by a 
quantity less than a half -hundredth part of the radius. 

146. If a right-angled triangle be constructed, in 
which the sides of the right angle are equal to the 
diameter of a circumference, and to the excess of three 
times the radius over the third of the side of the inscribed 
equilateral triangle, then the hypothenuse of this right- 
angled triangle represents half of this circumference, 
within 00001 of the radius. 

147. Given a circumference and a point, draw from 
this point a secant dividing the circumference into two 
arcs proportional to the numbers 11 and 15. 

148. The side of an equilateral triangle circumscribed 
round a circle is twice the sidd of the equilateral triangle 
inscribed in this circle. 

149. The apotheme of the regular hexagon inscribed 
in a circle is equal to half the side of the equilateral 
triangle inscribed in the same circle. 

1&}. If the distance of the centres of two circles 
which intersect at right angles is equal to twice one of 
the radii, the common chord is the side of the regular 
hexagon inscribed in one of these circles, and the side of 
the equilateral triangle inscribed in the other. 

15L What is the geometrical locus of the points, such 
that the sum of the squares of the distances of each of 
them from the summits of a regular polygon, which has 
an even number of sides, is constant ? 

152. Describe a circumference, such that the peri- 
meter of the square inscribed in this curve is equal to 
that of the equilateral triangle circumscribed round a 
given circumference. 

153. Construct a lozenge, of which the side has a given 
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length, and is also a mean proportional between the two 
diagonals. 

164. Oonstruct a square, of which the sum or differ- 
ence of the diagonal and of the side are known. 



EXERCISES ON BOOK V. 

NUMERICAL PROBLEMS. 

155. Oalculate within a square centimetre the area 
of a rectansle of which the base is = 10*75 metres and 
the diagonal = 15*25 metres. 

156. Calculate one of the heights and the area of the 
triangle of which the sides are respectively =1*20 metres, 
1*85 metres, and 2*25 metres. 

157. The area of a trape2dum is equal to 2034*60 
square metres ; its height is 18*40 metres, and its inferior 
base 54*48 metres. Calculate its upper base to within 
a centim^re. 

158. Calculate in hectares (French measure) the area 
of a regular hexagon, of which the side is 450 metres in 
length. 

159. Calculate within a square centimetre the area 
of a regular octagon inscribed in a circle, of which the 
radius is 2*25 metres. 

160. Calculate in hectares the area of a lozenge, of 
which the side is equal to the smaller diagonal, knowing 
that the length of each of these lines is 20*50 metres. 

161. Calculate within a centimetre the side of the 
square equivalent to the equilateral triangle, of which the 
apotheme is 2*50 metres. 



GRAPHIC PROBLEMS. 

162. The area of the trapezium is equal to the 
product of one of the non-parallel sides by the distance of 
this side from the middle of the opposite side. 

163. Draw through the summit C of a triangle 
A B C a straight line M N, such that the trapezium 
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formed by it with the side A B and the perpendiculars 
drawn from the other summits A^ B on M N is equiva- 
lent to a given square. 

164. If the angles A, A' of the two triangles A B C^ 
A' B' C are equal or supplementary, the areas of these 
triangles are proportional to the products A B X A C, 
A' B' X A' C of the sides formed by the angles A, A'. 

166. Change a right-angled triangle into an equiva- 
lent isosceles ixiangle having an angle common with it. 
How many solutions are there to this problem ? 

166. Change a regular polygon into another regular 
polygon equivalent to it, and having twice as many sides. 

167. Divide a triangle into two equivalent parts by a 
straight line perpendicular to one of its sides. 

168. Divide a triangle into three parts proportional 
to given lengths, by joining a point in the interior to aJl 
the summits. Give the particular case in which the 
three given lines are equal. 

169. Inscribe in a circle a trapezium of which the 
height and the surface are given. (The magnitude of a 
surface is determined by the side of the square equivalent 
to it.) 

170. Given the position and the length of two 
straight lines, find the position of a point, such that, by 
joining it to the extremities of these lines, two triangles 
are formed of which the areas are proportional to two 
given straight lines M and N. Examine the case when 
M and N are equal. 

171. Through a given point in the plane of an angle 
draw a secant, such that the product of the distances 
from tiie summit of the angle to the two points of 
intersection is equal to a given square. 

172. Through a point given in the plane of an angle 
draw a secant, such that the area of the triangle made 
by it with the sides of that angle is equal to a given 
square. 

173. The product of two sides of a triangle is equal 
to the product of the height perpendicular to the third 
side, by the diameter of the circumscribed circle. 

174. Divide a triangle into two equivalent parts by a 
parallel to a given straight line. 

175. Draw through one summit of a quadrilateral 
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a straight line which divides its surface into two 
equivalent parts. 

176. If, in any quadrilateral, through the centre of 
each of the diagonals, a parallel be drawn to the other, 
and if their meeting-point be joined to the centres of the 
sides of the quadrilateral, it will be divided into four 
equivalent quadrilaterals. 

177. Prove that the square constructed on the 
diagonal of a square is twice the proposed square. 

178. The square on the sum of two straight lines is 
equivalent to the sum of the squares on each of the lines, 
increased by twice their rectangle. 

179. The rectangle constructed on the sum and the 
difference of two straight lines is equivalent to the 
difference of the squares of those lines. 

180. Make a square equal to the sum or the difference 
of two squares.. 

181. Given two similar polygons, construct a polygon 
similar to them, and equivalent to their sum or their 
difference. 

182. Construct a triangle similar to a given triangle, 
and of whic^ the summits are placed on three concentric 
circumferences, or on three parallel straight lines. 

183. Divide a triangle in any number of equivalent 
parts, by parallels to one of its sides. 

184. Construct an equilateral triangle equivalent to 
the sum or the difference of two given polygons. 

185. Inscribe in a given triangle a triangle similar ta 
another given triangle. 

186. Draw through a given point a straight line which 
divides the surface of a trapezium into two parts pro- 
portional to given lines m and n, 

187. Construct on a given base a triangle equivalent 
to a given polygon, and such that the straight line which 
joins its summit to the middle of the base is a mean pro- 
portional between the two other sides. 

188. Given two parallel straight lines and two points, 
draw through these points two straight lines that intersect 
on one of the parallels, and form with the other a triangle 
equivalent to a given square. 

189. Divide a trapezium in any number of equivalent 
parts by parallels to iUi bases. 
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190. Divide by a parallel to the base^ the surface of 
a triangle in such wise that the area of the trapeziiun 
may be a mean proportional between the area of two 
trilbies. 

191. The perimeters of two similar triangles are pro- 
portional to the radii of the inscribed circles, and to the 
radii of the circumscribed circles. The areas of these 
triangles are proportional to the squares of the same 
radii. 

192. Through a point situated on the bisector of an 
angle draw a secant, such that the part of that straight 
line comprised in the angle may be of a given length. 
This problem, in the particular case of the right angle, is 
known by the name of Problem of Pappus, a celebrated 
Greek geometer who lived in the fourth century. 

193. Express the area of the circle in the function 
of its circimiference. Apply the formula when found, 
calculating the area of a terrestrial meridian within a 
square kilometre. 

194. Given a regular hexagon A B C D E F : the 
summits are joined two and two by the diagonals A C, 
B D, C E, D F, E A, F B : first, prove that the polygon 
ah c d «/ formed by the intersections of the consecutive 
diagonals is regular ; second, find the ratio of the surface 
of this polygon to that of the given hexagon. 

195. If, on one of the sides of the right angle of a 
right-angled triangle as diameter, semi-circimiferences 
are described that shall be exterior to the triangle, each 
of these curves makes with the semi-circumference drawn 
through the summits of the triangle, a figure which has 
the shape of a crescent, and which is named the LuntUe 
of Hippocraies, a Greek geometer of the fifth century. 
Prove that the simi of tibe sturfaces of the two lunules 
is equivalent to the sturface of the right-angled triangle. 

196. Describe a circle which touches internally a 
given circle, and divides its sturface into two parts propor- 
tional to two given lines. 

197. The sturface included between two concentric 
circumferences is equivalent to the circle, which has for 
diameter a chord of the external circimif erence, tangent to 
the internal circumference. 

1 98. Describe two concentric circumferences, such that 
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the smaller divides into two eqtdvalent parts the surface 
included in the greater. 

199. What is the relation of the areas of the regular 
hexagons inscribed in and circumscribed round the same 
circle? 

200. The area of a regular convex dodecagon is equal 
to three times the square of its radius. 

201. The sum of the perpendiculars dropped from 
any point in the interior of a regular polygon on all the 
sides of this polygon is constant. 

202. If the diameter A B of a circle be divided into 
any two segments A C, C B, and on one side of the 
straight line A B a semi-circumference be described on 
the first segment as diameter^ and on the other side a 
semi-circumference on the second segment^ the combined 
length of these two curves divides the surface of the 
given circle into two parts proportional to the segments 
A C; C B of the diameter A B. 

203. Take on the circimif erence of a circle two arcs 
A B^ B Cj respectively equal to the fourth and the sixth 
of the circumference ; then draw a secant through point 
A and the middle of the straight line B ; the chord 
intercepted on this secant represents, within a thousandth 
part of the radius, the side of the square equivalent to 
the circle. 

204. If in a circle three radii O A, B, C are 
drawn, forming between them angles of 120°, and if in 
these straight lines lengths OA^ OB', OC be taken, 
equal to the side of the square inscribed in the circle, the 
equilateral triangle A' B' C is equivalent to the regular 
hexagon inscribed in the same circle. 

205. Construct seven equal regular hexagons, so that 
six of them may have two summits situated on a given 
circumference and a side common with the seventh, 
which must have the same centre as this circumference. 
Prove that the concave polygon formed by these seven 
hexagons is equivalent to the regular hexagon inscribed in 
the given circumference. 



Comton Prmtvng Worhs, Beeches, 



, ■tf^ • .- 






